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Abstract

Transformers, the core architecture behind modern large language models, com-
bine flexible nonlinear approximation with attention, a mechanism that learns how
information is aggregated across inputs. Can attention reveal which parts of an agent
distribution matter for aggregate dynamics? I represent cross-sectional distributions as
economic tokens and embed a transformer in a recursive Krusell-Smith-style solution
method. The transformer forecasts the continuation distribution entering individual
Bellman equations. I establish a theoretical link between transformer attention and the
sensitivity of aggregate policy functions to distributional components, with attention
recovering their normalized marginal sensitivities under a restricted representation.
In Krusell-Smith benchmarks, the transformer rediscovers approximate aggregation
and assigns nearly uniform attention when aggregate capital is nearly sufficient. In a
heterogeneous-firm economy with endogenous default, attention concentrates near the
firm default margin and becomes state dependent: during downturns attention shifts
toward financially fragile firms, whose balance sheets become more consequential for

leverage and aggregate dynamics.
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1 Introduction

Transformers (Vaswani et al., 2017) are a core architecture behind modern artificial intel-
ligence. They combine flexible nonlinear approximation with attention, a mechanism that
learns how information should be combined across inputs. This paper explores a natural
point of contact with heterogeneous-agent economics, where a central problem is also one
of aggregation: which parts of a high-dimensional cross-sectional distribution matter for ag-
gregate dynamics, and when? I represent economic states as tokens—such as wealth bins or
capital-debt—productivity cells—and use a transformer to learn how these distributional ob-
jects are combined when forecasting equilibrium dynamics. To my knowledge, this is the first
application of transformer attention as a recursive state-reduction device in heterogeneous-
agent and heterogeneous-firm economies. I ask whether attention can both help solve these
models and provide an economically interpretable map of how distributional information
enters aggregate outcomes. The contribution is threefold.

First, I show analytically that, under a simple restricted attention representation, at-
tention coincides with the normalized marginal effect of each distributional component on
the aggregate policy function.! A two-period mean-sufficient economy provides the sim-
plest illustration. Because every wealth-bin contribution has the same marginal effect on
next-period aggregate capital, the analytical mapping implies uniform attention across the
distribution. I then use a second analytical benchmark to illustrate how the mapping op-
erates away from mean sufficiency. With production at the individual-producer level and
diminishing returns, the marginal contribution of capital to aggregate accumulation is larger
for smaller producers. The analytical mapping therefore implies a non-uniform attention
profile, with normalized marginal relevance declining with producer capital. I evaluate both
benchmarks using a richer full self-attention transformer in which the restrictions used to
derive the analytical mapping are relaxed. Although attention weights and value representa-
tions are learned from the state, the resulting attention profiles closely track the analytical
benchmarks: nearly uniform in the mean-sufficient economy and systematically declining
with capital in the individual-production economy.

I then generalize the analytical result beyond the restricted attention representation un-
derlying the two examples above. Those benchmarks isolate the value channel: attention
weights are held fixed under the local perturbation, so a change in one distributional com-
ponent affects the prediction only through the economic content being aggregated. In a

more general attention representation, the same perturbation can also change the attention

LA distributional component can be, for example, the contribution of a wealth bin to aggregate capital
or, in the firm application, a capital-debt—productivity cell.



weights themselves, creating an attention-reallocation channel. For a general differentiable
aggregate policy function, I show that local sensitivity to the distribution decomposes into
these two components: a value channel, which captures changes in the information being
aggregated holding attention weights fixed, and an attention-reallocation channel, which
captures how the perturbation changes the weights assigned across the cross section. The
exact mapping between attention and normalized policy sensitivity derived in the two an-
alytical benchmarks is recovered as the special case in which attention directly weights the
distributional components and those weights are held fixed under the local perturbation.

Second, methodologically, I develop a recursive solution method, the Distributional State
Transformer (DST), in the spirit of Krusell and Smith (1998) and building on recent machine-
learning approaches to heterogeneous-agent models (Fernandez-Villaverde et al., 2023; Han
et al., 2025; Kase et al., 2025; Gu et al., 2026). Rather than committing ex ante to a small
set of aggregate moments, I represent the cross-sectional distribution through economic to-
kens: wealth-productivity bins in a household economy, or capital-debt—productivity cells
in a firm economy. The underlying economy retains a continuum-agent representation: in-
dividual states are discretized on a standard grid, while aggregate states are represented by
a sparse library of complete distributions over that grid rather than by a finite simulated
population. A transformer forecasts the next tokenized distribution, which enters individ-
ual Bellman equations through continuation values. The neural-network component pro-
vides a flexible approximation to the equilibrium law of motion, while attention determines
how information from different regions of the distribution is combined in a state-contingent
fashion. I validate the method in a standard one-asset heterogeneous-household economy
against a one-moment Krusell-Smith solution. Although the DST observes and forecasts the
cross-sectional distribution rather than aggregate capital, it rediscovers the Krusell-Smith
approximate-aggregation structure: once aggregate capital is recovered from the forecast dis-
tribution, the implied policy function is nearly identical to the one-moment Krusell-Smith
benchmark, while attention remains nearly flat across wealth bins.

Third, I apply the method to a heterogeneous-firm economy in which endogenous firm
default makes the aggregation of firm balance sheets economically important. While re-
cent machine-learning methods for heterogeneous-agent macroeconomics have been applied
primarily to household economies, firm balance sheets provide a natural setting for dis-
tributional attention. The model builds on Khan and Thomas (2013), combining partial
capital irreversibility with costly equity issuance and defaultable debt priced under endoge-
nous default. It is also closely related to Khan et al. (2021), who study defaultable debt and
endogenous default and exit while solving their stochastic economy with a Krusell-Smith

approximation based on aggregate capital. These papers show that rich firm heterogeneity



can coexist with parsimonious aggregate forecasting rules. Rather than imposing such a
low-dimensional representation ex ante, I let the transformer observe the joint distribution
of capital, debt, and productivity directly. In the quantitative model, attention is highly
nonuniform: it concentrates near the endogenous default margin and becomes state depen-
dent.

The policy-sensitivity decomposition then shows why this attention pattern is econom-
ically relevant. The transformer forecasts the next cross-sectional distribution, from which
aggregate objects can be recovered. I illustrate the decomposition using next-period capital
and leverage, neither of which is a separate prediction target. The exercise delivers two
findings. First, different aggregate outcomes depend on the firm distribution through dif-
ferent margins. Next-period capital is driven primarily by the persistence of firms’ existing
capital stocks, with investment adjusting this stock at the margin, whereas leverage is more
sensitive to how heterogeneity in firms’ balance sheets is aggregated across the cross sec-
tion. Second, this aggregation margin becomes especially important near the endogenous
default boundary. For leverage, the value channel—the effect of a redistribution through
the information carried by firms’ balance-sheet regions, holding aggregation weights fixed—
and the attention-reallocation channel-—the additional effect arising because those weights
themselves change—have similar average magnitudes, but attention reallocation becomes
particularly important near default. Shifting firm mass toward financially fragile regions
therefore changes not only the composition of the cross section, but also which other re-
gions become relevant for implied aggregate leverage. Because default risk and debt prices
vary sharply near the default boundary, the mapping from the firm distribution into aggre-
gate outcomes becomes itself sensitive to the distribution’s composition. Financial fragility
therefore makes economic aggregation endogenous to the cross-sectional state.

Finally, transformer attention is state dependent. A negative aggregate productivity
shock raises firm default and temporarily shifts attention toward financially fragile firms. A
positive shock of the same size lowers default risk and generates a much weaker reallocation
of attention. The aggregate responses mirror this asymmetry. In busts, default rises and
investment and hours contract, while attention moves toward financially fragile firms; in
booms, default risk falls and the attention response is substantially smaller. Thus, the part
of the distribution that matters for aggregate policy sensitivity changes over the business
cycle: financially fragile balance sheets become more consequential for aggregate dynamics

precisely in adverse states.

Related Literature. This paper contributes to two main strands of the literature: (i) com-

putational methods for heterogeneous-agent economies, especially recent machine-learning



approaches that build on the Krusell-Smith approach, and (ii) firm dynamics with financial
frictions. A key contribution is to connect these strands through a recursive algorithm that
represents the cross-sectional distribution as economic tokens, learns its law of motion with
a transformer, and uses the resulting attention weights as an interpretable diagnostic of how

distributional information is aggregated across aggregate states.

Machine Learning and Computational Methods in Heterogeneous-Agent Models. An increas-
ingly rich literature uses machine-learning tools to solve high-dimensional dynamic economic
models, including Scheidegger and Bilionis (2019), Maliar et al. (2021), Azinovic et al.
(2022), Valaitis and Villa (2024), Payne et al. (2025), and Gopalakrishna et al. (2026).
Within this literature, the closest methodological papers for heterogeneous-agent economies
are Ebrahimi Kahou et al. (2021), Fernandez-Villaverde et al. (2023), Han et al. (2025), Kase
et al. (2025), and Gu et al. (2026).

Ebrahimi Kahou et al. (2021) show that permutation symmetries across heterogeneous
agents can be exploited in neural architectures to make high-dimensional dynamic programs
and recursive competitive equilibria tractable. Their approach is complementary to the
one taken here. The DST works directly with a continuum distribution, where individual
agent labels have already been integrated out, and represents the remaining cross-sectional
state through economically meaningful regions whose aggregation is learned by transformer
attention. Mean sufficiency provides a useful special case, in which these regions have equal

2 Fernandez-

marginal relevance and the corresponding attention benchmark is uniform.
Villaverde et al. (2023) develop a global nonlinear solution and estimation method for a
continuous-time heterogeneous-agent economy with financial frictions. In the spirit of Krusell
and Smith, they summarize the cross-sectional distribution with a finite set of features and
use neural networks to approximate nonlinear perceived laws of motion. Their approach
shows how flexible neural-network approximations can extend Krusell-Smith methods to
environments with rich nonlinear aggregate dynamics.

Han et al. (2025) develop DeepHAM, a global solution method that uses neural networks
to approximate value and policy functions and learned generalized moments to summarize
the cross-sectional distribution. Kase et al. (2025) develop a neural-network framework
for globally solving and estimating nonlinear heterogeneous-agent models, representing the

cross section through a finite population of agents.® By contrast, Gu et al. (2026) ex-

2Section 2 develops this benchmark analytically and evaluates it computationally.

3These approaches also relate to simulation-based solution methods. Duffy and McNelis (2001) introduced
neural networks into parameterized-expectations algorithms, Judd et al. (2011) developed simulation-based
techniques for high-dimensional dynamic economies, and Valaitis and Villa (2024) use supervised learning
to approximate expectation terms in macro-finance models.



ploit the continuous-time master-equation formulation, represent the distribution by a high-
dimensional finite-dimensional state, and use neural networks to obtain a global solution.

I complement these approaches in three ways. First, I use a transformer architecture that
produces pairwise attention weights across distributional tokens. These weights are part of
the forecasting rule itself: they determine how information from different regions of the
cross section is combined before predicting the next state. Attention is therefore part of the
learned aggregation mechanism and also provides an economic diagnostic: after solving the
model, the same weights can be used to study which regions of the state space receive greater
relevance in equilibrium forecasts and how this relevance changes across aggregate states.
I provide analytical conditions under which received attention coincides with normalized
marginal policy sensitivity and, more generally, characterize how state-dependent attention
enters the local sensitivity of aggregate policy functions to the distribution.

Second, I represent the cross-sectional distribution through economic tokens without
committing ex ante to a small set of aggregate moments, while retaining a continuum-agent
representation in the underlying numerical solution. Each token describes one region of the
cross section, and the transformer forecasts the next tokenized distribution, which enters
directly into the individual Bellman equation through continuation values. Because storing
equilibrium objects over the full high-dimensional distribution space is infeasible, I construct
a sparse library from model-generated distributions that cover the region of the state space
relevant in equilibrium. The continuous transformer forecast is mapped to nearby library
distributions to evaluate continuation values, while the underlying distribution is updated
using Young (2010)’s non-stochastic transition rather than by simulating a finite population
of agents.

Third, another distinction is the domain of the quantitative application. I apply the
method to a heterogeneous-firm economy that builds on Khan and Thomas (2013), adding
costly equity issuance and defaultable debt with endogenous firm default. These financial
frictions create financially fragile regions of the firm distribution, providing a setting in which
the aggregate relevance of the joint distribution of capital, debt, and productivity can be
studied directly.

Firm Dynamics and Financial Frictions. A large literature studies firm dynamics with
investment frictions and financial frictions, including Hopenhayn (1992), Hopenhayn and
Rogerson (1993), Cooley and Quadrini (2001), Gomes (2001), Hennessy and Whited (2005),
Clementi and Hopenhayn (2006), Cooper and Haltiwanger (2006), Hennessy and Whited
(2007), Jermann and Quadrini (2012), Clementi and Palazzo (2016), Lanteri (2018), Ot-
tonello and Winberry (2020), Villa (2026), and Ippolito et al. (2026). These papers show



that firm-level balance sheets, financing frictions, and default risk can shape financing, in-
vestment, and aggregate dynamics. The quantitative application in this paper belongs to
this tradition: firms choose capital and defaultable debt, face costly equity issuance, and de-
fault endogenously. The application builds directly on Khan and Thomas (2008) and Khan
and Thomas (2013), and is closely related to Khan et al. (2021). Khan and Thomas (2013)
study a production-heterogeneity economy with partial capital irreversibility and collateral-
ized borrowing. Khan et al. (2021) instead study defaultable debt with endogenous default
and exit and equilibrium loan schedules that depend on firm and aggregate states, while
abstracting from partial capital irreversibility and external equity issuance. My application
combines partial capital irreversibility with defaultable debt and endogenous default, while
allowing firms to raise costly external equity.

A useful lesson from this literature is that the economic importance of the firm distribu-
tion need not map directly into the dimension of the aggregate forecasting rule. Khan et al.
(2021), for example, solve their stochastic economy using a Krusell-Smith approximation
based on the first moment of the capital distribution, while showing that features of the firm
age—size distribution can have first-order effects on aggregate responses to financial shocks.
My application takes this aggregation question as a starting point. Rather than imposing a
low-dimensional representation of the distribution ex ante, I let the transformer forecast the
distribution itself and use attention to identify which regions of the cross section matter for
aggregate dynamics and how their relevance varies with the aggregate state.

In the quantitative model considered here, this relevance is highly uneven. Firms near
the endogenous default margin are particularly consequential for aggregate leverage, and
financial fragility creates a state-dependent aggregation margin: changes in the composition
of fragile balance-sheet regions also change how cross-sectional information is aggregated.
During downturns, when default risk rises, attention shifts toward firms near the default
margin. Thus, the contribution of the quantitative application is to identify where distri-
butional heterogeneity matters, through which aggregation channel, and how its relevance

changes with aggregate conditions.

Outline. Section 2 develops the economic interpretation of transformer attention through
two analytical aggregation benchmarks and a general link between attention and aggre-
gate policy sensitivity. Section 3 presents the Distributional State Transformer algorithm
and validates it in a standard heterogeneous-household economy. Section 4 introduces the
heterogeneous-firm economy with endogenous default, and Section 5 presents the quantita-

tive results. Section 6 concludes.



2 Economic Aggregation and Transformer Attention

This section develops the economic interpretation of transformer attention using two ana-
lytically tractable aggregation problems. In the first, individual capital is aggregated before
production, so only mean capital matters for aggregate accumulation and all regions of the
cross section have the same marginal relevance. In the second, production takes place before
aggregation, so diminishing returns at the individual-producer level make marginal rele-
vance vary systematically with capital. The two economies therefore deliver sharp analytical
benchmarks—uniform in the first case and non-uniform in the second—which I then confront
with a richer full self-attention transformer.

The final subsection nests both benchmarks in a general local sensitivity result. It char-
acterizes when transformer attention measures marginal economic relevance directly and,
more generally, how a change in one region of the distribution can affect aggregate outcomes
both through its own contribution and by changing the relevance of the rest of the cross

section.

2.1 Mean-Sufficient Attention in a Two-Period Economy

I begin with a benchmark in which the cross-sectional distribution matters only through its
mean. The environment is deliberately simple, so that the economic aggregation result is
known analytically and the attention diagnostic can be evaluated against a sharp benchmark.

Consider a two-period economy with a continuum of households indexed by ¢ € [0, 1].
Household 7 enters the period with capital k;, and aggregate capital is K = fol k; di. There
are no idiosyncratic productivity shocks. A representative firm rents aggregate capital and
produces final output according to ¥ = ZK® with 0 < a < 1, where Z is aggregate
productivity. The competitive return on capital is Rx = aZK*™ L.

Household i chooses next-period capital k. to solve
max {log ¢; + G log ¢},

subject to

The next-period return R} is taken as exogenous to the household and drops out of the
saving first-order condition under logarithmic utility. Substituting the constraints into the
objective yields

max {log(Rrck; — k) + flog(Richki)}



The first-order condition gives the closed-form saving rule
k; = IQRK]{}Z‘, R=——. (].)

Thus individual saving is linear in individual capital. Aggregating equation (1) across house-

holds gives
1 1
K’:/ kédi:mRK/ kidi = kR K.
0 0

Using the firm first-order condition,
K' = kaZK*. (2)

Hence the entire distribution of capital is summarized by the scalar K. Conditional on K and

7, reallocating capital across households has no effect on aggregate capital accumulation.

The prediction problem. The objective is to approximate the aggregation rule (2) map-
ping the current aggregate state into next-period aggregate capital. Let X denote a collection
of economic inputs describing the aggregate state. The transformer is a parameterized map-
ping

y="To(X),
where 6 denotes the network parameters. In the present example, i = K’ although the same

architecture can be used to predict multiple aggregate objects.

The network is trained using observations generated from the analytical law

J [0}
K' =kaZ (Z ujk:j> ,
j=1

which serves only to construct the training targets and is not supplied to the model.

Mapping the model to the transformer. The input X consists of a collection of vectors,
called tokens, where each token represents one economic object. Representing the aggregate
state as a collection of tokens allows the transformer to learn mappings over complex distri-
butional states, where tokens may encode capital, debt, productivity, or other characteristics
of the cross-sectional distribution.

In this example, I approximate the wealth distribution with J wealth bins. Bin j has

representative capital k; and mass ;. Together with aggregate productivity, these define



the input sequence
X={ z1,...,2;5 , Tz }.
—_——

~—
wealth-bin tokens aggregate-productivity token

For j =1,...,J, the wealth-bin token is

€Ty = kj,,uj 0 0 s

wealth-bin state | @geregate productivity | token type

while the aggregate-productivity token is

Tz = 0,0 Z 1
~— ~~~
wealth-bin state | @ggregate productivity | token type

Thus each token has dimension d, = 4. The first two entries encode wealth-bin informa-

tion, the third aggregate productivity, and the last identifies the token type.

Processing the tokenized state. The transformer processes the tokenized state through
three successive operations. First, it constructs informative features for each economic ob-
ject. Second, it learns how information should be exchanged across those objects to form a
representation of the aggregate state. Finally, it maps this learned state representation into
the desired economic prediction using a flexible nonlinear approximator. Figure 1 summa-
rizes these three stages.

First, an embedding layer maps each raw token into a learned feature vector,
hj = Eo,(7;),  hz = Epy(xz).

The raw wealth-bin token contains only k; and u;, together with placeholders and a type
indicator. These coordinates describe the bin, but need not be the most informative fea-
tures for prediction or for comparing the token with the remaining economic objects. For
example, in richer environments a token may contain capital, debt, and productivity, while
prediction depends on nonlinear combinations such as leverage or net worth. The embedding
therefore constructs a learned representation of each token before interactions across tokens

are evaluated. A simple embedding is
Ey, (x) = c(Wgx + bg),

where the researcher specifies the functional form and embedding dimension, while W and

10



bg are estimated jointly with the remaining network parameters. Thus, the researcher does
not specify which transformations of the raw token variables are economically relevant; these

features are learned directly from the prediction objective.

Figure 1: TRANSFORMER PROCESSING OF THE TOKENIZED ECONOMIC STATE

Economic 5. Solf :
] . Self-attention
tokens 1. Embedding
s = 2 Gsm¥m
{xl,...,xj,:vz} N hs = E@E(Z'S) N
. . Learns which objects
Wealth bins Learns features of
interact and how their
and aggregate each economic object
information is combined
productivity ;
pooling
1
V7T T s s
3. Predic-
tion network
=
K' = g, (7)
Approximates the non-
linear aggregation rule

Notes: The embedding layer constructs learned features from each raw economic token. Self-attention then updates
each token using information from the remaining wealth-bin and aggregate-productivity tokens. After pooling, a

feedforward neural network maps the resulting representation into the prediction of next-period aggregate capital.

Second, a self-attention layer allows each embedded token to interact with every other
token. In this benchmark, it learns which regions of the wealth distribution are most in-
formative for predicting K’, how information should be aggregated across wealth bins, and
how the distribution interacts with aggregate productivity. More generally, the attention
mechanism learns both which economic objects matter for prediction and how information
should flow across them. The output is therefore a collection of context-dependent token
representations: each wealth-bin token is represented not in isolation, but conditional on the
rest of the distribution and on Z.

Finally, the context-dependent token representations are pooled into a single aggregate

representation and passed to a standard feedforward neural network,
K' = gy, (r).

At this stage, the relevant features have already been constructed and the economically

important interactions identified by the attention layer. The role of the prediction network

11



is therefore to provide a flexible nonlinear approximation of the equilibrium mapping from
the learned aggregate-state representation to the desired prediction. All network parameters
are estimated jointly to minimize prediction errors.

The notation below makes the self-attention block in Figure 1 explicit. Starting from the
embedded features h, produced in the first stage, the attention layer constructs query, key,
and value vectors. Queries and keys determine the attention weights as,,, while values contain
the information combined according to those weights to form 7y = >  agnvy,. Pooling the
resulting token representations produces r, which is then passed to the prediction network

in the third stage. The complete architecture is summarized in the box below.

Self-attention architecture

Let Z ={1,...,J, Z} index the J wealth-bin tokens and the aggregate-productivity

token. Given z, € R%, s € Z, the transformer computes:

1. Embedding
hs = By, (z,) € R
2. Self-attention

qs = Wth & Rd, ks = Wihy € Rd, vy = Wy hg € Rd,
q4 Fm

€sm =
Vd

Qsgm = M7 Ghgmn, 2 0: Z Qs = 17
Z exp(€se) mez
Lel

Py = Z AsmUm € R,

meZL

€ R, meTL,

Pooling

3. Prediction network

12



Results. Remark 1 provides the economic interpretation of the attention diagnostic. At-
tention weights capture the normalized marginal relevance of each distributional component
for the aggregate policy function. In the mean-sufficient economy, an additional unit of cap-
ital has the same effect on K’ regardless of where it is located in the wealth distribution. In
this example, mean sufficiency implies that each wealth bin has the same marginal effect on
next-period aggregate capital. Therefore, the analytical aggregation result translates into a

sharp prediction for the transformer: received attention is uniform across wealth bins.

Mean Sufficiency and Uniform Attention

Remark 1. Let s; = p;k; denote the contribution of wealth bin j to aggregate Capltal
so that K = Z 1 Sj. The aggregate policy function (2) is K’ = kaZ (ZJ 1 5])
The normalized marginal contribution of wealth bin j to aggregate capital is

w, =

LTS oK os T

To isolate the attention channel, consider a restricted specialization of the transformer
containing only the J wealth-bin tokens. Set v; = s; and let queries and keys be fixed

bin embeddings, so that the attention weights

J
exp(ey;
Gqj = J#’ > =1,
Zexp(qu) =
=1

are independent of (sq,...,$s, Z). The mean- pooled representation is r"V = Z}]:1 w;fpsj,
where normalized received attention is w] = & L/ =1 qj» With Z e = L,

Let K’ = g(rV,Z), where g is differentiable and g,(r'"V,Z) # 0. If the restricted
transformer represents the aggregate policy exactly on an open admissible set, K =K' ,
then

J
1 0K'/0s; z 1 ,
]:jz = — el s =W = j=1,...,J. (3)
q=1 Z //asZ
Proof. See Appendix B.1. O
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2.2 Non-Uniform Marginal Relevance with Individual Production

The previous example places production in a representative firm, so that individual capital

stocks are aggregated before entering production. I now make one change to that environ-

ment: production takes place at the individual level. Preferences, timing, and aggregate

productivity are otherwise unchanged.

Household 7 operates a production unit with capital k; and technology y;

— 7k

with

17

0 < a < 1. Capital is the only input, so a governs decreasing returns at the individual

producer. Household i chooses next-period capital k] to solve
max {loge; + Blogc},

subject to
¢ + ki =Zk%, ¢ =Z'(k)".

Substituting the constraints into the objective gives

max {log(Zk}" — k) + flog(Z'(k;)")} -

1

The first-order condition is
1 _ Ba
ZkY — Kl N k.’
which yields
B
1+ Ba’

ki = ko ZkS, Ko =

Unlike equation (1), individual saving is now nonlinear in current capital.

equation (4) across households gives
1
K:%;/wﬁ
0

The contrast with the mean-sufficient benchmark is immediate:

«

1 1
K xZ (/ kidi) Versus K' Z/ kS di
0 0

J/

-~

(4)

Aggregating

(5)

TV
capital aggregated before production capital transformed before aggregation

Mean capital therefore no longer summarizes the cross section. With production at the in-

dividual level, decreasing returns make the marginal product of capital depend on producer

size, with smaller producers having a higher marginal product of capital. The nonlinear

14



aggregation rule in (5) implies a sharp non-uniform benchmark for marginal relevance. Re-

mark 2 formalizes this mapping between producer capital and transformer attention.

Individual Production and Non-Uniform Attention

Remark 2. As in Remark 1, let s; = p;k; denote the capital contribution of bin j.

Using a J-bin approximation to the distribution, the aggregate policy function (5) is

J J
K'=kaZ Y kS = kaZ Yy} 7085
j=1

J=1

The normalized marginal contribution of capital bin j to aggregate capital accumulation
is .
E 0K ! / 83 j . kj

w

J J -/ -1

D=1 OK'/O0se 3, Ky
To isolate the attention channel, consider a restricted specialization of the transformer
containing only the J capital-bin tokens. Set v; = s; and let queries and keys generate

attention weights

agi(s) = =2 5~ =1,
S explepls)

where s = (s1,...,ss). Normalized received attention is w/ (s) = J ! 25:1 aq;(s), with
Z;.Izl wi(s) = 1. At a given state s, hold these attention weights fixed under a local
perturbation 3, and define the mean-pooled representation 7'V (3;s) = Z}]=1 w; (8)35.
Let K' = g(r"(5;5), Z), where g is differentiable and g,(r'V', Z) # 0. If the restricted

transformer represents the aggregate policy to first order at s = s, then

J a—1
1 OK'/0s; k5

() = 2D agls) = O () =

q= Z k,gz—l

(=1

J
! Z aK’/ﬁs[
=1
Proof. See Appendix B.2. O

Because 0 < a < 1, normalized marginal relevance declines with capital: smaller pro-
ducers have a higher marginal contribution to aggregate capital accumulation and therefore

receive greater attention in the restricted representation.
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2.3 Computational Validation

Remarks 1 and 2 provide analytical ground truth for the cross-sectional pattern of marginal
relevance. Such a benchmark is typically unavailable in language applications, where at-
tention can be informative about input relevance but need not coincide with alternative
measures of importance (Jain and Wallace, 2019; Serrano and Smith, 2019; Wiegreffe and
Pinter, 2019). The two economies above instead make marginal relevance known analytically,
allowing learned attention to be evaluated directly against an economic benchmark.

I evaluate these predictions using the same tokenization and network structure across
both benchmarks: a full self-attention transformer trained only to predict K’. The numer-
ical architecture is richer than the restricted representations in the remarks: embeddings,
queries, keys, and values are learned from the state, attention may vary across realized states,
and the resulting representation is passed through a nonlinear prediction network.* The an-
alytical results therefore provide exact benchmarks for the attention—sensitivity mapping,
while the numerical exercise asks whether this economic structure remains visible under a
richer representation.

I simulate economies with J = 20 equal-mass capital bins, ordered from low to high
capital within each economy. The transformer observes the full cross section and aggregate
productivity Z, but not the analytical aggregation rule or its marginal sensitivities. Figure 2
reports received attention across capital bins on held-out economies.

Figure 2 shows that learned attention closely tracks the analytical benchmarks for eco-
nomic marginal relevance. In Panel (a), attention is essentially uniform across capital ranks,
matching the 1/J prediction implied by mean sufficiency despite systematic differences in
capital across bins. In Panel (b), because production takes place at the individual-producer
level, decreasing returns make the marginal product of capital higher at smaller producers,
so analytical marginal relevance declines with capital. Learned attention reproduces this
non-uniform pattern closely, assigning greater weight to low-capital producers and progres-
sively less weight to larger producers. Thus, when the economic structure of aggregation
changes from uniform to heterogeneous marginal relevance, the learned attention profile

changes accordingly and remains aligned with the corresponding analytical benchmark.

2.4 Policy Sensitivity and Attention Weights

The two examples above establish the attention—sensitivity link in environments where

marginal relevance is known analytically. I now generalize that link. A perturbation to

4 Architecture, training details, and out-of-sample fit are reported in Appendix A.1. Both transformers
fit their respective analytical aggregation rules essentially exactly.
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Figure 2: Economic Marginal Relevance and Transformer Attention
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sufficiency implies wf = 1/J. In Panel (b), decreasing returns in individual production imply wJE =

kjo-‘_l /S, k¢! Bins have equal mass and are ordered from low to high capital. The transformer is
trained only to predict K'.

one component of the distribution can affect an aggregate prediction in two ways: by chang-
ing the information carried by the token representations and by changing how attention is
allocated across tokens. Proposition 1 characterizes these two channels for a general differ-

entiable aggregate policy function.

Transformer Attention and Distributional Policy Sensitivity

Proposition 1. Let s = (s1,...,8y) denote the distributional components entering a

scalar aggregate policy function

Y = F(s,z2),

where z collects aggregate conditions. Consider an attention aggregation of the form

J J
r(s,2) = Zw;@(s,z)vm(s,z), Zw;‘g(s,z) =1,
m=1 m=1

where v,,(s,2z) € R? is the value representation associated with component m, and
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wl (s, z) is its attention weight. Let the transformer prediction be

?/J\: g(’I“(S,Z), Z)

If g, the attention weights, and the value representations are differentiable, and the
transformer represents the equilibrium mapping exactly on an open set, y = F(s,z),
then

OF (s, z T 0wl (s, 2 J Ov, (8, 2 , i
D) G2y |3 Xm0 (s )4 S wih(e 0 2mBD ) g
5i m=1 5j m=1 5j
attention—real?()rcation channel valueﬁannel

Proof. See Appendix B.3. O

Equation (7) separates two sources of policy sensitivity. The attention-reallocation chan-
nel captures changes in how the network weights the cross section when s; changes; the value
channel captures changes in the economic information carried by the token representations.
The gradient V,g maps both responses into units of the aggregate outcome. The result
is local and does not depend on the time horizon of the underlying economy, so the same

decomposition applies to differentiable policy functions in recursive environments.

Restricted attention and normalized policy sensitivity. The two remarks above arise
when these additional channels are restricted. Consider a local representation in which d = 1,

values coincide with the underlying economic components, v,, = s,,, and attention weights
are held fixed when evaluating a local perturbation of the distribution. Then %LS’TTL = 0 for
J

the perturbation under consideration, and Proposition 1 reduces to

OF (s, 2)

. J
0s;

J
= g.(r,2)w? and Z OF(s,2) = g:(r,2),

with 3w/ = 1. Hence, whenever g,(r,z) # 0,

wl =wl(s,z) = J - (8)

<
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Under this restricted transformer representation, attention therefore recovers normalized

marginal policy sensitivity exactly.

The two-period benchmarks as special cases. Remark 1 follows immediately. With

s; = pjk;, the mean-sufficient policy is

J «
K' = kaZ <Z sj> ,
j=1

so that OK’/8s; is identical across bins. Equation (8) therefore gives w] = w! = <.

Remark 2 gives the corresponding non-uniform case. With individual production,

!/

J
K' = /faZZ ,ujl_o‘so»‘ and hence = KaaZk;‘_l,
j=1

J 88]-

Normalized marginal relevance is therefore

kot
T _ EBE_ "
wj =wj = ——.
a—1
> ki
=1

Thus, uniform attention in the first benchmark and greater attention to smaller producers

in the second are two special cases of the same attention—sensitivity mapping.

From attention to the DST. Proposition 1 characterizes how a self-attention aggrega-
tion transmits distributional changes to an aggregate prediction. The DST developed in the
next section embeds this mechanism in a richer transformer architecture. In particular, resid-
ual connections and tokenwise feed-forward blocks provide additional paths through which
the economic state can affect the forecast without operating through the self-attention up-
date itself. The proposition therefore isolates the two economic channels operating within
attention—changes in token values and the reallocation of attention—while the full archi-
tecture also permits a remaining-network channel. Section 3 turns this architecture into
a recursive solution method, and the quantitative application later measures the relative

importance of these channels in the heterogeneous-firm economy.
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3 The Distributional State Transformer

The examples in Section 2 illustrate how attention organizes distributional information,
while Proposition 1 links this aggregation to local policy sensitivity. This section turns the
same architecture into a general solution method. The Distributional State Transformer
(DST) is an iterative algorithm for recursive heterogeneous-agent economies in which the
cross-sectional distribution is part of the aggregate state. It represents the distribution and
aggregate conditions as tokens, learns a perceived law of motion for the distribution from

model-consistent simulations, and inserts that law directly into the Bellman equation.

3.1 Recursive Economy and Tokenized State

Let a € X denote an individual state and let z; € Z collect the aggregate shocks. The
cross-sectional distribution of individual states at date ¢ is denoted by p;. The recursive

aggregate state is
Q= (e, 2t) -

Given individual policy rules g, the model implies the distributional transition

pepr =T (/lt, Zts Zt+1;9) )

where I' is the transition operator induced by individual policy rules, idiosyncratic shocks,
and the transition of the aggregate shocks from z; to z;;.

The purpose of the DST is to approximate the equilibrium transition of this distribution
without reducing it to a small, prespecified set of aggregate moments. To do so, the method

represents the current aggregate state as a fixed-length sequence of economic tokens,
Xt :T(Qt) = {l‘l,ta---)xJ,t}a Tt GRdr,

where 7 denotes the tokenization map and J is the fixed number of tokens.

A token is an economic object written in numerical format. Distribution tokens represent
regions of the cross section, such as wealth bins or firm balance-sheet cells. For example,
in the two-period economy of Section 2.1, each distribution token represents a wealth bin
with its capital and mass, while aggregate productivity is included as a separate token. In
the recursive Krusell-Smith economy of Section 3.7, each wealth-bin token contains the bin
mass and conditional moments of assets and idiosyncratic productivity.

Tokens may represent also aggregate shocks, prices, policy variables, or structural pa-

rameters if the purpose is also to estimate the model, as in Kase et al. (2025). A generic
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token has the form
x;; = (economic content | placeholders | type indicators) .

Placeholders allow economically different objects to have the same numerical dimension,
while the type indicators identify the economic role of each token.

Let m;, denote the distributional coordinates associated with region j whose transition is
forecast by the transformer. These coordinates need not coincide with the economic content
supplied to the corresponding input token z;,. Depending on the application, the input
token may contain cell masses and conditional moments, while the forecast coordinates may
use mass-weighted moments or other statistics describing the same region of the distribution.

Stacking these coordinates gives
me = vec (Mg, ..., Myy) .

The vector my is the distributional representation of p; whose transition is learned by

the transformer. Aggregate moments can instead be computed from m;,.

3.2 The Perceived Distributional Law

The transformer maps the current tokenized state X; into a perceived law of motion for the
distribution. Because distributional states are persistent, the network predicts the change
in the distributional vector,

Amyp = My — my,

rather than its next-period level. This residual formulation asks the network to learn the
typically smaller and less variable adjustment to the current distribution. The resulting
forecast is

M1 = My + Tom(Xy), (9)

where Ty, (X;) denotes the transformer prediction of Amy;.

Some applications also require auxiliary equilibrium objects inside the recursive prob-
lem. Let 1; collect these objects, with prediction @t = Tou(X:). For example, in the
heterogeneous-firm economy of Section 4, it is convenient to track the log marginal utility
as an auxiliary target, ¥, = ¢; = log Uc(C}), from which consumption, wages, and stochastic
discount factors are recovered.

Training targets are generated by applying the distributional transition operator to the

current distribution under the current policy functions. The parameters 6 of the transformer
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are found to minimize the following loss

1

> 1AM = Tom(Xo)ll; + A Il = Tow(X015]

tE€Ter

where A\, = 0 when no auxiliary target is used. Inputs and targets are standardized during

training and transformed back into economic units before entering the recursive problem.

3.3 Sparse Library of Distributional States

A Cartesian grid over all coordinates of the tokenized distribution is infeasible, as even a small
number of grid points along each coordinate would generate an exponentially large aggregate
state space. A complementary approach is to solve the model directly over the ergodic
set generated by stochastic simulation. For example, Valaitis and Villa (2024) combine
stochastic simulation with parameterized expectations in a representative-agent setting. Han
et al. (2025) solve heterogeneous-agent models by training neural networks over simulated
equilibrium trajectories, while Kase et al. (2025) approximate the distribution with a finite
simulated population and train over the resulting simulated state space.

Here, instead, I retain complete distributions over the underlying individual-state grid
and use the non-stochastic simulation method of Young (2010), which preserves the continuum-
agent representation. The remaining challenge is to approximate equilibrium objects over
the resulting high-dimensional distribution space. I do so by replacing the Cartesian grid
with a sparse library of feasible distributions, £ = { utoooopd }, where each node p* is an
entire cross-sectional distribution over the underlying individual-state grid. The transformer
operates on the tokenized representation and produces a continuous distributional forecast,
while the sparse library is used to interpolate stored equilibrium objects at that forecast.
This sparse representation creates two challenges: selecting a small set of distributions that
adequately covers the relevant region of the aggregate state space, and interpolating equi-

librium objects between sparse library nodes.

Selecting the library nodes. The library £ may be fixed at initialization or enriched
during the outer fixed-point iteration with newly simulated distributions that expand its
coverage of the aggregate state space. To construct the initial library, 1 first generate a

candidate set of feasible distributions,

Csim:{yla-"ayN}a NZ‘Sv
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from a bootstrap simulation under a preliminary perceived law of motion. The candidate
set may be augmented with anchor distributions chosen to improve coverage of economically

relevant regions that are rarely visited in the bootstrap simulation,
C= Csim U Canc'

The library £ = {u!,..., "} is then selected as a space-filling subset of C. Anchor distribu-
tions therefore enter the candidate set but are retained only when they improve coverage.

To compare candidate distributions, let
m(v) = vec(my(v),...,my(v))

denote the stacked distributional coordinates associated with v. The selection metric may
augment these distributional coordinates with aggregate moments that are particularly rele-
vant for continuation values or prices. For concreteness, in the heterogeneous-firm application
of Sections 4-5, cell j corresponds to a capital-debt-productivity region B;, and its forecast

coordinates are the mass-weighted moments

m;(v) = (wj(u)l%j(u),wj(y),wj(y)gj(y),wj(y)éj(y)), w;(v) :/B dv.

The preliminary perceived law in this application is initialized with a low-dimensional
Krusell-Smith approximation, and the selection coordinates additionally include aggregate
capital (K (v)), debt (B(v)), and leverage (L(v)). After standardization across the candidate

set, the resulting coordinate vector is

where the \’s determine the relative weight placed on the aggregate coordinates.

The S library nodes are selected from C using a farthest-point rule. Define

1
d(v,v') = 7 letv) = (Il
where || - || denotes the Euclidean norm and d, is the dimension of ¢(v). The first node is the

candidate closest to the center of the candidate cloud,

1 : _ = 5_ -
p' € argmin flc(v) — ¢, ¢ ,C|ZC(V)-
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Given L,y = {p',..., u"" 1}, subsequent nodes satisfy

"e in d =2...,5.
' €eargmax min dly,p),  r=2,...,
Thus, each new node is the candidate farthest from the portion of the state space already
represented in the library. If the library is enriched during the outer iteration, the same

criterion is applied to newly simulated distributions.

Interpolating over the sparse library. For a current state, the transformer produces
a continuous forecast m’. Because m’ will generally lie between library nodes, the method
approximates equilibrium objects using nearby stored distributions. Let Z(m) denote the
coordinate vector obtained from a distributional moment vector m using the same standard-
ization and additional aggregate coordinates used to represent the library nodes through
c(u"). Thus, Z(m’) expresses the continuous transformer forecast in the same coordinate
system as the stored library distributions, allowing distances between the forecast and each
library node to be computed directly. The distance between the forecast and library node r
is

d (') (m’) = e(unll,

_ 1 [l
VA
where d. is the dimension of the standardized coordinate vector. Let A (m') denote the set
of nearest library nodes. In the absence of an exact match, the interpolation weights are

d (m/)—2

TS i)
)

CeEN (R

wy (M)

: re N(m'), (10)

so that ) . Ny wr(m') = 1. An exact match receives unit weight. For any equilibrium
object F' stored at the library nodes, its value at the predicted distribution is approximated
by
Py = 3 wli)F(o).
reN(m')

Thus, the continuous transformer forecast determines which stored distributions enter the
approximation and how much weight each receives. The same interpolation weights can be
applied to continuation values, policies, default probabilities, and other equilibrium objects

stored on the library.
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3.4 Embedding the Law in the Bellman Equation

The perceived distributional law enters the recursive problem. At library node p® and ag-

gregate state z, the transformer produces the distributional forecast
Mg, = m(p*) + Tom(Xsz)-

As described in Section 3.3, this forecast determines a set of nearby library nodes N (s, z)
and interpolation weights {ws, }ren (s,2)-
Let a denote the current individual state and let o denote an individual choice. Sup-

pressing application-specific constraints, the continuation value associated with (a, @) is

Cs.(a,a) = ZPZ(z, 2') Z Wz B [Mg, v Vi(d', 2') | @,y 2, 2] (11)
2! reN(s,z)

Here V,.(d’,2') is the value function stored at library node u”, and the expectation inte-
grates over the transition of the individual state. The stochastic discount factor M, . is
determined by the economic model and may depend on auxiliary objects predicted by the
transformer.

The Bellman equation at (p*, z) is then

Vi(a,z) = max {u (a,a,z,us;ﬁsz> - Csz(a,oz)}.
acA(a,z,u®)
The learned law therefore affects current decisions through changes in the predicted library

nodes and interpolation weights entering the continuation value.

3.5 Equilibrium Iteration

The equilibrium is a fixed point between the perceived distributional law and the policy
functions, as in Krusell and Smith (1998). Generally, the sparse library £ may be enriched
during the outer iteration. In the implementation used below, it is constructed before the
final equilibrium iteration and then held fixed.

At outer iteration k, the transformer is trained on transitions generated by the previous
policy functions. It is then evaluated at each current aggregate state (u®, z), producing the
forecast m/

sz)

auxiliary predictions @Zsz. Holding these objects fixed, the individual Bellman equation is

the neighboring library nodes N (s, z), the interpolation weights ws. ., and any

solved to convergence. The resulting policy functions are then simulated using the non-

stochastic distributional transition of Young (2010), generating the training sample for the
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next outer iteration. Computationally, the transformer training step is parallelized on GPU,

while the Bellman solves are parallelized across library nodes and aggregate states on CPU.”

Algorithm 1 DST Equilibrium Iteration
Construct a bootstrap policy under a simple perceived law of motion.

Simulate the policy using the non-stochastic distributional transition operator of Young (2010).
Select and fix the sparse library £ = {u!,..., u%}.
Initialize value and policy functions at all library nodes.
Construct the initial training sample {X;, Amyy1, ¥ hez,, -
for outer iteration k =1,2,..., Ky do
Train or fine-tune 7y on the current sample. > Parallelized on GPU

Evaluate Ty at every (u®,z) and compute m,,, N(s, z), ws,,r, and Vs

Solve the individual problem at all library nodes. > Parallelized on CPU

H
@

Simulate the resulting policy functions using the non-stochastic distributional transition
operator.
11: Update the training sample with the simulated transitions.

12: Compute the policy change Agk) and the perceived-law change Ag’f).

13: if Agk) < 74 and Ag]f) < 77 then
14: Stop.
15: end if

16: end for

The policy criterion A(gk) measures the change in policy functions across successive outer
iterations on the fixed library. The law criterion A%lf) measures the corresponding change in

transformer forecasts at the same states.

3.6 Attention Diagnostics

The perceived law in Section 3.2 is produced by repeatedly combining the input tokens
through self-attention. The same attention weights used to construct the transformer outputs
can therefore be inspected to study how the network organizes the economic state.

For observation t, layer ¢, and head h, let

J
AP = (b )] D alh =1 (12)
m=1

STransformer training is parallelized on GPU, using CUDA or Apple’s Metal backend; see Vaswani et al.
(2017) for the parallel attention architecture and Paszke et al. (2019) for the automatic-differentiation frame-
work used in the implementation.
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The row index j denotes the query token whose representation is being updated, while the

column index m denotes the key-value token used in that update. Thus, aﬁiﬁ%t measures the
weight placed on token m when updating token j in layer ¢ and head h.
To summarize attention across test observations, layers, and heads, define the average

attention matrix

- 1 L H
R S PR

t€lie =1 h=1

I use two attention diagnostics. The first diagnostic measures received attention. For

token m in a group of economic tokens G, define

> djm

jeQ

Y S

m/eG jeQ

Rec,,(G) m € G, (13)

where Q is the set of query tokens included in the diagnostic. This statistic measures how the
attention received by group G is distributed across its members. It satisfies ), Rec,,(G) =
1. If the Jg tokens in the group enter symmetrically, the corresponding benchmark is 1/.Jg.

The second diagnostic measures directional group attention. For two token groups A and

B, define
1 _
JjEA meB
This statistic measures the average share of attention that query tokens in A assign to key-
value tokens in B. Because the first group supplies the queries and the second supplies the

key-value tokens,
Attn(A — B) # Attn(B — A)

in general. In the heterogeneous-firm application that follows, these attention measures show
how the transformer combines regions of the distribution associated with different levels of
capital, debt, productivity, and default risk. In this sense, attention could be interpreted as

a description of the network’s learned aggregation rule.

3.7 Validation in a One-Asset Household Economy

I validate the DST in a standard one-asset heterogeneous-household economy for which a one-
moment Krusell-Smith approximation provides a natural reference benchmark. Households

differ in assets a and idiosyncratic labor productivity €, while aggregate productivity is Z.
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Labor supply is fixed, and the household problem is
Via,e, Z,p) = max {u(e) + BE [V (', Z"' 1) | &, Z]},

subject to
c+d =R(Z pua+w(Z pe.

A representative firm produces

Y = ZK*N'™, K:/adu, N:/edu,

with factor prices given by marginal products. The distribution p evolves endogenously
under household saving policies.

I solve the same economy in two ways. Implementation details are reported in Ap-
pendix A.2. The reference solution uses a standard Krusell-Smith perceived law based on
aggregate capital K. The DST instead takes the cross-sectional distribution as the aggregate
state and applies the algorithm described above. The distribution is represented by J = 20
wealth-bin tokens containing bin mass and conditional moments of assets and productivity,
and the transformer forecasts the change in the tokenized distribution according to (9). Ag-
gregate capital is not a direct prediction target; it is recovered by aggregating the predicted
distribution.®

The comparison asks whether a method that conditions on and forecasts the distribution
itself recovers the approximate aggregation captured by the one-moment Krusell-Smith so-
lution. To assess the robustness of this comparison across simulated aggregate histories, I
solve the economy ten times, each time using a distinct realization of aggregate productivity
shocks and a 50,000-period simulation. Figure 3 summarizes the resulting validation exercise.
The aggregate-capital forecast implied by the DST distributional law achieves R? = 1.00000
to five decimal places, and the implied aggregate policy functions are nearly identical to
those from the one-moment Krusell-Smith solution. At the same time, received attention
across wealth bins remains broadly close to the uniform benchmark across runs, with only
modestly greater attention over intermediate-low wealth bins and somewhat lower attention
in the upper tail. Thus, despite conditioning on and forecasting the full cross-sectional dis-
tribution, the DST recovers the familiar approximate-aggregation structure without imposing
aggregate capital as the state variable ex ante.

The full self-attention architecture also constructs directional interactions between every

6The transformer predicts all 80 distributional coordinates. The discretization, tokenization, admissibility
projection, library construction, and numerical implementation are described in Appendix A.2.
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Figure 3: DST Validation in a One-Asset Household Economy
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Notes: Panel (a) reports received attention across wealth-bin tokens. Bars denote mean received attention across
ten independent model solutions, each based on a distinct realization of aggregate productivity shocks and a 50,000-
period simulation; shaded regions report 95% confidence intervals across runs. The dashed horizontal line denotes the
flat-attention benchmark, 1/.J. Panel (b) compares the aggregate-capital policy functions implied by the DsT-predicted
distribution with the corresponding one-moment Krusell-Smith laws, separately for low and high aggregate productivity.
The dotted line is K¢y1 = K.

pair of tokens. In particular, each wealth-bin token can attend to aggregate productivity,
and the aggregate-productivity token can attend to each wealth bin. Appendix Figure 7 in
Appendix C reports these two directional attention profiles. Both remain broadly flat across
wealth bins, indicating that no particular region of the wealth distribution interacts with

aggregate productivity substantially more than the others, in either direction.”

4 Heterogeneous Firms and Endogenous Default

I next apply the DST to a heterogeneous-firm economy with capital and debt. The environ-
ment builds on the production-heterogeneity framework of Khan and Thomas (2013): firms
differ in idiosyncratic productivity, choose physical capital subject to partial irreversibil-
ity, face borrowing constraints, and operate under aggregate productivity shocks. I extend
that benchmark by adding costly equity issuance and endogenous firm default. This makes
the joint distribution of capital, debt, and productivity relevant for aggregate dynamics.

Appendix A.3 gives the computational details for this application.

"Directional attention is not symmetric. Z — W; measures the weight placed on wealth-bin token W;
when updating the representation of aggregate productivity Z, whereas W; — Z measures the weight placed
on Z when updating wealth-bin token W;. Because attention is normalized separately over the key-value
tokens available to each query, these two weights need not coincide.
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4.1 Model

Environment. Time is discrete and one model period is one year. Aggregate productivity
Zy follows an AR(1) process in logs, i.e. logZ; = pzlog Zi 1 + ozn?, with nZ ~ N(0,1).
A continuum of firms is indexed by idiosyncratic productivity &;, physical capital k;, and
one-period debt b;. Idiosyncratic productivity e; also follows an AR(1) process in logs, i.e.

loge, = p.logey 1 + oonf, with i ~ N (0, 1). The production technology of an active firm is
yi(e, kyn; Z) = Ziekiny, a+rv<l. (15)

Operating profits, net of a fixed operating cost f, are
(e, k; Z,w) = Zigdking — wing — f. (16)

Given the real wage w;, labor demand is given by the marginal product of labor:

thatkf“) ) (17)

Wy

nt(€7 k; 27 w) = (

The representative household owns both firms and competitive lenders. Its preferences are

EOZBt L B —XNtl ’
t=0

with the logarithmic case obtained as v — 1. Its budget constraint is
Ci —tht+/Dt(5a k,b) dpg(e, k,b) + I17, (18)

where p; denotes the time-t distribution of firms over capital, debt, and idiosyncratic pro-
ductivity, D;(e, k,b) denotes the net payout to shareholders by a firm in state (¢, k,b), and
17 denotes the realized net payout from competitive lending. Perfect competition among
lenders implies that newly issued debt is priced to satisfy lenders’ expected discounted zero-
profit condition. Because the household owns both firms and lenders, debt issuance and
repayment are internal financial transfers and cancel upon consolidation. Combining (18)
with firm and lender cash flows therefore yields the aggregate resource constraint (30).

The representative household’s labor-supply first-order condition is

w = xCY, (19)
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so aggregate consumption determines the wage. Because the household owns both firms and

lenders, the stochastic discount factor relevant for their intertemporal payoffs is

C -
M =5 () (20
t

Firm finance and default. A firm enters period ¢ with idiosyncratic productivity, capi-
tal, and debt (e, k,b). Upon entering the period, equity holders choose whether to default or
continue. A defaulting firm exits before producing; after physical depreciation, its remaining
capital (1—0)k is liquidated at the same resale price 6, that applies to disinvestment. Condi-
tional on continuation, the firm operates, repays current debt b, chooses next-period capital

k', and issues one-period debt &'. New debt sells at price ¢;(e, k', V). Let net investment be
ik, k) =K — (1 —0)k.

Following Khan and Thomas (2013), capital is subject to partial irreversibility. The real

resource cost of investing from £ to &’ is

, ik, k), i(k, k) >0,
I(k, k) = (21)
Ori(k, k'), i(k k) <0,

with 0, < 1. Thus, the gross resale value of fully liquidated capital is 05 (1 —§)k. The payout

before external-equity costs is therefore
dy = mi(e, k; Z,w) + qi(e, K, 0 — b —T(k, k). (22)
Debt is subject to a borrowing constraint,
V < b(k') = 0,0,k .

I keep this constraint to preserve comparability with the debt-capacity margin in Khan and
Thomas (2013). The constraint limits debt issuance ex ante, whereas the recovery rate
defined below determines lenders’ payoff ex post in default. The two need not coincide:
debt permitted by the contractual limit may be only partially collateralized and is priced
accordingly. In the baseline calibration with endogenous default, the constraint is effectively
slack: the stationary share of firms at or near the borrowing limit is numerically zero. Debt
pricing therefore disciplines leverage before the borrowing limit becomes active, because firms

approaching states with high default risk face sharply lower bond prices.
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If the payout in (22) is negative, the firm raises external equity and pays a quadratic

issuance cost. Equity holders receive

dr, di > 0,
D(dy) = e
dy — E(—dt)Q, d; < 0.
This friction makes internal finance valuable and gives leverage a role beyond the borrowing
constraint.

Let Vi¢(e, k,b) denote the value of continuing, after optimizing over (k’,V'), and let V¢
denote the equity value of default. I normalize V¢ = 0. Upon default, equity holders are
wiped out and creditors recover up to the face value of outstanding debt from the liquidation
of the firm’s capital. Any residual resale value after creditor claims have been satisfied is
absorbed by bankruptcy and liquidation costs, keeping the equity payoff from default equal
to zero. Equity holders default whenever the value of continuing is below the value of default.

Hence, the default-adjusted firm value and the associated default rule are®
Vi(e, k,b) = max {V°(e, k,b), V}, 19(e, k,b) = 1 {V (e, k,b) < V}.

The default rule is indexed by the state at which the decision is taken. From the per-
spective of period t, debt issued today pays its face value at ¢t + 1 if the firm continues upon
entering next period with state (g441,k’,0"). If the firm defaults instead, creditors recover up
to the face value of debt from the liquidation of the firm’s capital, as specified below.

Defaulting firms exit and are replaced by entrants so that the mass of firms remains
constant. Entrants start with capital k¢ = K*®°, where K*° is the stationary aggregate capital
stock of the deterministic economy, zero debt, and idiosyncratic productivity drawn from the
stationary idiosyncratic distribution. Entrants enter the next-period distribution with newly
installed capital. The capital of defaulting firms is liquidated, and creditor recoveries offset
part of the resources required to install the replacement entrants’ capital.

Define the amount recovered by creditors upon default as
A(k,b) = min{b, 0,(1 — )k} . (23)

For b > 0, the corresponding recovery rate is

R(k,b)—@—min{l, M} (24)

8In the numerical implementation, I use a smooth approximation to the default rule. Appendix B.4
describes the approximation and shows that it is quantitatively close to the hard-threshold rule.
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Thus, for debt b’ issued in period ¢, the relevant recovery rate in period ¢ + 1 is R(K', V). A
continuum of identical competitive lenders price debt using the household stochastic discount

factor. For & > 0, the one-period debt price satisfies

Qt(gv kla b/) = ]E't [Mt,t—‘rl (1 - p:ti+1(€t+17 kl, b,) + pchl+1(€t+17 k/a b/)R(k/7 b,))] . (25)

The expectation in (25) is over next-period aggregate productivity, idiosyncratic produc-
tivity, and the transformer-implied distributional transition described below. Thus default
pricing is one of the channels through which the forecasted aggregate distribution affects
current firm decisions.

The continuing-firm Bellman equation is

Vc(57 k) b7 Qt) = r]{}/%ﬁ( {D(dt(g, k, b, k/, b,, Qt)) + ]Et [Mt,t+1V(€,, k:/, b/, Qt+1>] },

subject to b < b(k’). The default-adjusted value summarizes the transition decision: firms
with low continuation value exit and are replaced in the next-period distribution, while

continuing firms carry their chosen (k',’) forward.

Aggregation and market clearing. Recall that p(e, k,b) denotes the cross-sectional

distribution of firms entering period ¢, and define the continuation probability
pg(ga ka b) =1- p?(é‘, k7 b)
Aggregate capital and debt at the beginning of the period are

Ktszdut, Bt:/bdut.

Because default occurs before production, only continuing firms produce and hire labor.

Hence,
Y, = /pf(s, k,b)yi(e, k,n; Z) duy, N, = /pf(g, k,b)ny(e, k; Z,w) dpy. (26)
Aggregate capital evolves according to
Ky = /pg(g, k,b) k(e k,b) dut+ke/pf(e,k,b) dpus, (27)
where defaulting firms are replaced one-for-one by entrants with capital £¢. I define stock-
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based aggregate investment as
It = Kt+1 — (1 — 5)Kt (28)

Using p¢ + p¢ = 1, this can equivalently be written as

]t - /pg(s, kvb) i(k7k£(8’ k’ b)) d'ut + /ptd(gv kvb) [ke - (1 - 5)k] dut- (29)

Thus, [; is a stock-accounting measure and is not, by itself, the resource cost of capital
formation.

For continuing firms, partial irreversibility generates the resource loss
U(k, k) = (1 = O)[—i(k, K]+,

so that
i(k, k;’) + U(k, k:/) = Z(k, k;').

For defaulting firms, define the resource loss from liquidation as
Uh(k,b) = (1 — 0)k — A(k, b).

This term includes both the loss associated with selling capital below replacement value
and, when the gross resale value exceeds creditor claims, the residual value absorbed by
bankruptcy and liquidation costs. The contribution of a default-and-entry transition to

aggregate resource use is therefore
k¢ — (1 —6)k + Uk, b) = k* — A(k, D),

so creditor recoveries explicitly offset part of the resources required to install the replacement
entrant’s capital. Any liquidation value in excess of creditor claims is dissipated in the default
process.

The resource constraint of the economy is

Cot it [ Bi(e ) Uk ) dioc-t [ 968 W) dp

+ / pi(e kb f e + / P, b, ) B (dy) dpty = Vi,
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where

q)e(dt) = %[—dt]i-

The equilibrium wage is the fixed point that satisfies (19) and (30). In the simulation step,
this wage is solved exactly from the current distribution and firm policies. The distribution
evolves by applying the firm policy rules, the idiosyncratic transition matrix, the default

probabilities, and the entrant distribution.

4.2 Perceived Distributional Law

I now specialize the DST of Section 3 to the firm economy. The aggregate state is the joint
distribution of firms over productivity, capital, and debt, together with aggregate productiv-
ity Z;. I partition the firm state space into capital-debt—productivity regions and represent
each region by a token containing its probability mass and conditional means of capital,
debt, and productivity. The baseline uses 15 capital bins, 8 debt bins, and 9 productivity
groups, yielding J = 1,080 distributional tokens.

Let p;; denote the mass in region j, and let /%N, Bjyt, and &;; denote the corresponding
conditional means. The distributional coordinates whose transition is forecast are the mass-

weighted moments
Mt = [ (kj,h L, by, 5j,t) ; my = vec (Mg, ..., myy).

This representation preserves economically important aggregates directly. In particular,

J J
Ky = Z Mj,t];j,ta By = Z ,uj,tBj,t-
j=1 J=1

Aggregate capital and debt are therefore implications of the predicted distribution rather
than separate transformer targets.

The transformer learns the perceived distributional law
M1 = My + Tom(X), Uy = Tou(Xy), (31)
where X; contains the distributional tokens and aggregate productivity, and

ly =logUc(Cy) = —ylog C;
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is included as an auxiliary equilibrium object. The latter implies

_ 7 L
Cy = exp <——t> ) Wy = XO?‘
Y

As in Section 3, the continuous forecast m/, at a library state (u*, Z) determines neigh-
boring future distributions ;" and interpolation weights wsz,. Together with the marginal-

utility prediction, these weights determine the perceived continuation value

Coz(e, K V) =D P(Z,2)Po(e,€) D wizeMizoz V(e KV Z)), (32)
AR reN (s,Z)
where
— a 7 -
My, =8|=2£] .

Competitive lenders use the same perceived transition. The price of one unit of debt

issued by a firm choosing (K’ ') is

qu g, k, b, ZPZ Z Z Z wsZ'r‘ sZrZ’'
TE/\/(S Z) (33)

x [1—p*(Z',e K V) +p"(Z' &, K V)R(K V)] .

Thus the predicted distribution affects current firm decisions through both continuation val-
ues and debt prices, while the auxiliary marginal-utility prediction determines the perceived
wage and stochastic discount factor inside the recursive problem.

Given these perceived objects, the firm problem is the one described in Section 4. The
resulting policies are simulated on the complete firm distribution, imposing current-period
market clearing exactly. The model-generated distributional transitions and marginal utili-
ties are then used to update the transformer until the perceived law and firm policies con-
verge. Appendix A.3 provides the full numerical implementation, including tokenization,
admissibility projection, transformer architecture, library construction, interpolation, debt

pricing, simulation, and equilibrium iteration.

5 Quantitative Results

This section presents the quantitative analysis of the heterogeneous-firm economy. After
calibrating the model and characterizing its stationary equilibrium, I use transformer atten-

tion to identify which regions of the firm distribution matter most for aggregate dynamics.
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Attention concentrates on financially fragile firms near the default margin, and shifts toward
these firms during downturns as their default risk becomes more consequential for aggregate

dynamics.

5.1 Calibration

The calibration follows Khan and Thomas (2013) closely. I set a = 0.27, v = 0.60, § =
0.96, 0 = 0.065, py = 0.852, 0 = 0.014, and 6, = 1.350 as in their benchmark, and
choose x so that stationary hours are approximately one third. The parameters governing
capital irreversibility and idiosyncratic productivity, 8, = 0.945, p. = 0.653, and 0. = 0.135,
are disciplined by the three establishment-level investment moments used by Khan and
Thomas (2013), based on Cooper and Haltiwanger (2006).” T add two moments to discipline
the financial frictions introduced here: the default frequency disciplines the operating cost
f = 0.0730, while the equity-issuance frequency disciplines the issuance-cost parameter
¢. = 1.200. Table 1 reports the resulting fit.

Table 1: Targeted Moments

Moment Model Target Source

Mean investment rate, i/k  0.105  0.130  Khan and Thomas (2013)
Std. investment rate, i/k 0.305  0.337 Khan and Thomas (2013)
Serial correlation of i/k 0.048  0.058 Khan and Thomas (2013)
Default frequency 0.027  0.020 Ippolito et al. (2026)
Equity-issuance frequency 0.042  0.040 Ippolito et al. (2026)

Notes: The first three moments discipline 0y, pe, 0s; the default and equity-issuance frequencies discipline f and
¢e, respectively. Investment is i/k = (k' — (1 — 6)k)/k; its standard deviation and serial correlation are winsorized
at [—1,1]. Model moments are computed from the stationary distribution. Equity issuance is counted when gross

external equity exceeds 10 percent of current capital.

Stationary policies. Figure 4 summarizes the stationary policy functions. As in Khan
and Thomas (2013), partial capital irreversibility makes firm scale persistent and limits cap-
ital reallocation. Endogenous default adds an extensive margin: for a given productivity
level, higher inherited debt shifts the default boundary toward higher capital, while higher
productivity raises desired scale and moves firms away from default. Conditional on contin-
uation, leverage generally declines with capital. Thus inherited debt mainly affects whether

firms survive, whereas productivity and capital shape the scale and financing choices of

9 Aggregate productivity is discretized with three Rouwenhorst nodes and idiosyncratic productivity with
nine.
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continuing firms. Appendix Figure 9 in Appendix C shows the corresponding debt-price

schedules, which deteriorate sharply in financially fragile states and approach the safe-debt
price as default risk vanishes.

Figure 4: STATIONARY FIRM POLICIES
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Notes: The figure reports stationary firm policies as functions of current capital k& for selected idiosyncratic-
productivity states €. Columns condition on low and high current debt, respectively; rows report default probability,

chosen next-period capital &/, and chosen leverage b’ /k’. The dashed line in the capital panels is k' = k.

5.2 Results

The quantitative results for the model introduced in Section 4 use the final converged DST
law; the transformer architecture is reported in Appendix A.3.2. The equilibrium is solved
using 50,000-period simulations, and the attention diagnostics below are computed over

the resulting ergodic path. The learned distributional law closely reproduces the aggregate
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dynamics implied by the model while forecasting the distribution itself rather than separate

aggregate laws.'’

Where does attention concentrate? Figure 5 provides the main cross-sectional diag-
nostic. The heatmaps report ergodic received attention across capital-debt cells and id-
iosyncratic productivity states, averaged over the final simulated path. Attention is highly
nonuniform. It is concentrated near the endogenous default margin, especially for low- and
middle-productivity firms, where balance-sheet conditions are particularly consequential for
continuation and default decisions.

The pattern changes systematically with idiosyncratic productivity. For the lowest pro-
ductivity states, attention is almost entirely concentrated in the intermediate default-risk
region, 2% < p? < 95%. Little attention is placed on states with p? > 95%, where default
is essentially certain and the continuation decision carries little marginal information. At
intermediate productivity levels, attention remains elevated near the default margin but be-
comes more diffuse over non-defaulting firms. For the highest productivity states, especially
the two highest productivity realizations, received attention is lower in absolute terms and

less concentrated, consistent with these firms being farther from the default boundary.

10For example, aggregating the predicted distribution yields R? = 0.9993 for next-period aggregate capital
and R? = 0.9925 for next-period leverage. The auxiliary marginal-utility prediction has R? = 0.9996.
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Figure 5: ATTENTION AND THE ENDOGENOUS DEFAULT REGION
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Appendix Figure 8 in Appendix C provides a complementary model-based diagnostic by
measuring how local redistributions of firm mass affect aggregate default exposure, holding
local default probabilities fixed. The resulting sensitivity is concentrated around the endoge-
nous default region, identifying the parts of the firm distribution in which small reallocations

of mass have the largest direct effect on aggregate default.

Policy-sensitivity decomposition. To connect the quantitative results to Proposition 1,
I study mass-preserving perturbations of the firm distribution. Each perturbation reallocates
a small amount of firm mass toward one capital-debt—productivity region, removing it pro-
portionally from the rest of the distribution while holding within-cell characteristics fixed.

The exercise delivers two economic takeaways. First, different aggregate outcomes depend
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on the distribution through different margins: next-period aggregate capital mainly reflects
the persistence of firms’ existing capital stocks, whereas aggregate leverage is more sensitive
to how information from firms’ balance sheets is aggregated. Second, this aggregation mar-
gin becomes especially important near the endogenous default boundary. Shifting firm mass
toward financially fragile regions changes not only the composition of firms’ balance sheets,
but also the relevance of other parts of the distribution for predicted aggregate outcomes.
The recession experiment in Figure 6 provides a directional counterpart to this result: as
default risk rises, attention shifts toward firms near the default margin.

Because the transformer predicts changes in the distribution,
M1 = My + To.m(Xe),

local sensitivity separates into a direct current-state component and a transformer-mediated
component. Within self-attention, the latter contains the attention-reallocation and value
channels in equation (7); the full quantitative decomposition also accounts for the remaining
network paths.!! Importantly, the transformer forecasts the next distribution rather than
separate aggregate laws, so capital and leverage are implied by the same distributional
forecast.

For next-period capital, the direct current-state response is substantially larger than the
transformer-mediated response (0.521 versus 0.209), consistent with the persistence of the
capital stock. Within the latter, the attention-reallocation and value channels have average
magnitudes equal to about 37% and 21%, respectively. For next-period aggregate leverage,
by contrast, the two attention channels have similar average magnitudes, 47% and 45%
of the transformer-mediated response. Near the default margin, the transformer-mediated
response exceeds the direct response (0.068 versus 0.047), and attention reallocation alone
has magnitude 0.059, about 87% of the transformer-mediated response.

Economically, reallocating mass toward the default region places more weight on firms
for which default risk and financing conditions are particularly sensitive to balance-sheet
positions. Financially fragile regions therefore matter not only through the change in the
composition of firms’ balance sheets, but also because that change alters how information
elsewhere in the cross section is aggregated. The state dependence of attention is thus eco-
nomically relevant for predicted aggregate leverage and, through firms’ financing decisions,

aggregate dynamics. The next exercise shows how this mechanism changes over the business

T Appendix B.5 derives the full decomposition for the quantitative transformer, and Appendix Table 2
reports the corresponding results for aggregate capital and leverage. As a numerical check, the full accounting
closes to numerical precision, and derivatives computed by automatic differentiation closely match central
finite differences.
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cycle.

State-dependent attention. The previous result identifies where attention is allocated on
average. | next ask whether the importance of this region changes with aggregate conditions.
Starting from the dynamic stationary distribution associated with the learned law, I subject
the economy to temporary aggregate-productivity busts and booms of equal magnitude.
Figure 6 reports the responses.

The adjustment is asymmetric. A downturn generates a sharp and persistent rise in
default, together with larger contractions in investment and hours than the corresponding
expansions generated by the boom. At the same time, attention received by firms near
the default margin rises markedly during the bust, while the response in the boom is much
smaller. The learned aggregation rule is therefore state dependent: adverse aggregate con-
ditions shift attention toward financially fragile regions of the distribution precisely when

default becomes more consequential for aggregate dynamics.

Figure 6: BusT-BooM ASYMMETRY AND TRANSFORMER ATTENTION
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6 Conclusion

Transformers have become central to modern artificial intelligence in part because they learn
how information should be combined across complex inputs. This paper asks whether the
same mechanism can shed light on a classic problem in heterogeneous-agent economics: which
parts of a high-dimensional cross-sectional distribution matter for aggregate dynamics, and
how their importance changes with the aggregate state.

I develop the Distributional State Transformer (DST), a recursive solution method that
represents the cross-sectional distribution as economic tokens and learns its perceived law of
motion without imposing a preselected set of aggregate moments. I show theoretically that
local policy sensitivity decomposes into attention-reallocation and value channels; under a
restricted aggregation structure, received attention coincides with normalized aggregate pol-
icy function sensitivities. In the mean-sufficient and Krusell-Smith exercises, the transformer
recovers the underlying aggregation structure from the full distribution, with attention re-
maining flat or nearly flat across wealth bins.

In a heterogeneous-firm economy with endogenous default, attention instead concentrates
near the default margin, and attention reallocation is quantitatively important for aggregate
leverage. In this environment, financial fragility therefore makes economic aggregation en-
dogenous to the cross-sectional state. Moreover, the relevant parts of the distribution change
with aggregate conditions: during downturns, attention shifts toward financially fragile firms,
whose balance sheets become more consequential for financing, investment, and aggregate
dynamics. These results suggest that attention can serve simultaneously as a computational
device for solving high-dimensional recursive models and as a diagnostic tool for understand-

ing how the aggregation of cross-sectional heterogeneity changes over the business cycle.
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Online Appendix

This Appendix is organized in three parts. Appendix A provides implementation details,
Appendix B contains the mathematical derivations, and Appendix C reports additional

figures.

A Computational Appendix

Appendix A.1 describes the implementation of the two-period benchmarks, including the
transformer architecture, training procedure, and attention diagnostics. Appendix A.2 pro-
vides implementation details for the infinite-horizon household benchmark, including tok-
enization, projection, library interpolation, and the non-stochastic distributional transition.
Appendix A.3 specializes the DST algorithm to the heterogeneous-firm application, includ-
ing firm tokenization, transformer architecture, library construction, debt pricing, market

clearing, and equilibrium iteration.

A.1 TImplementation of the Two-Period Models

The two exercises in Section 2.3 use the same full self-attention architecture. The cross
section is represented by J = 20 equal-mass capital-bin tokens, ordered by capital within
each economy, together with a separate aggregate-productivity token Z. Capital-bin tokens
contain the bin capital k;, its mass yu;, and token-type indicators; the aggregate token con-
tains Z and the corresponding type indicator. Inputs and prediction targets are standardized
using training-sample moments.

Each token is mapped through a learned nonlinear embedding with internal dimension
d = 128. Queries, keys, and values are learned linear transformations of the embedded

tokens,
q; = Woh;, k:j‘ = Wih;, v; = Wyhy,

and a single full self-attention block allows every token to attend to every other token. The
resulting token representations are mean pooled and passed through a prediction network
with one hidden layer of 64 units and a ReLU activation to produce K. Thus, unlike the
restricted representations in Remarks 1 and 2, both attention weights and value representa-
tions can depend on the realized economic state.

Each benchmark uses 100,000 simulated economies, with 80,000 used for training and
20,000 held out for evaluation. Networks are trained for 80 epochs using Adam, batches of

256 observations, and learning rate 1073. Forecast fit is essentially exact: the out-of-sample
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R? is 0.999938 in the mean-sufficient economy and 0.999866 in the individual-production
economy.

For the attention diagnostic in Figure 2, I restrict attention to the capital-bin block.
For each held-out economy, received attention for bin j is the average attention assigned to
that bin by the J capital-bin queries, normalized to sum to one across capital bins. Figure
entries are test-sample averages of these normalized weights; error bars report 95% confidence

intervals across held-out economies.

A.2 Implementation of the One-Asset Household Model

This appendix describes the implementation of the one-asset household economy used to
validate the DST in Section 3.7. The general perceived distributional law, sparse-library
construction, interpolation operator, and equilibrium iteration are described in Section 3;
here I specialize those objects to the household economy.

A.2.1 Economic Environment and Numerical State

Households differ in assets a and idiosyncratic labor productivity €. Let
A:{ala"'a&Na}> 52{617"'7€N5}7 Z:{ZBazG}

denote the asset, idiosyncratic-productivity, and aggregate-productivity grids. Idiosyncratic
productivity is approximated by a seven-state Rouwenhorst chain, while aggregate produc-
tivity follows a two-state Markov chain. The two processes are independent.

The numerical aggregate state is the complete distribution
peAAXE).

Labor supply is fixed at one, so the household chooses only next-period assets. At aggregate
state (u, Z), the household problem is

Via,e, Z,u) = max {uw(R(Z, p)a +w(Z, p)e —ad' )+ BEV(d, e, Z', i) | e, Z]} .

a’'>a

Aggregate capital and effective labor are

K(p) =) apla,e), N =) > enlae).

acA ee€ acA €&
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A representative firm produces

Y = ZK“N'-@,

so factor prices are
R(Z,p) =1-06+aZK(u)*'N(u)'™,

and
w(Z, p) = (1= ) ZK ()" N(p)~".

The complete distribution p, rather than its tokenized representation, is propagated
through the economy. Tokenization is used only to construct the state supplied to the trans-
former’s perceived distributional law. The one-moment Krusell-Smith reference solution uses
the same underlying economy but summarizes the aggregate state entering its perceived law
by aggregate capital K.

A.2.2 Tokenization and Distributional Forecast

I partition the asset support into J = 20 fixed wealth bins

{B;}/_,.

For distribution p, let the mass in bin j be

wilw) =D Y plae).

(IEBJ' ee€

For a positive-mass bin, define the conditional moments

a —L apla, e
aj(u)_wj(,u)zz :u( ) )7

a€B; ec&
B 1
gi(p) = ——= e u(a,e),
(1) wj(u)a;@; (a,¢)
and .
£2(n) = u(a,e).
0= 22

The distributional coordinates for bin j are

m; () = (@ (). (). &), (1))
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and

m(p) = vec (my(p),...,my(u)) € R,

If wj(p) = 0, the asset coordinate is set to the midpoint of B;, while the productivity
coordinates are assigned fixed feasible values.
In this application, the economic coordinates supplied to the wealth-bin tokens coincide

with the coordinates whose transition is forecast. The transformer input is

X(:ua Z) = {wla"'va7xZ}7

where

0‘1,0), =1,

l’j = <C_Lj,wj,€_j,§j
and
z7=(0,0,0,0] Z10,1).

As in equation (9), the transformer predicts changes rather than levels,
Amyy = my —my.

Inputs and target changes are standardized using moments from the current training sample.
Let A,, and sa,, denote the coordinate-specific mean and standard deviation of the target

changes. The forecast transformed back into economic units is
miivi =my + A, + Sa,, © ﬁm(jzt>
The perceived distributional law is
Mgn = Mg (M), (34)

where I1g projects the raw forecast onto the admissible household token space. The projec-

tion imposes

keeps each conditional asset mean inside its associated wealth bin, and restricts the condi-
tional productivity moments to their feasible support.

Aggregate capital is not a separate transformer target. It is implied by the projected
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distributional forecast:
J
7> DST ~ =
KT =) Q. (35)
=1

Thus the comparison with the one-moment Krusell-Smith solution evaluates whether fore-
casting the distribution itself recovers the familiar approximate aggregation through aggre-

gate capital.

A.2.3 Sparse Library and Household Problem

Value and policy functions are stored on a fixed library of complete distributions,

EZ{/’I/:l?"'?/’LS}?

constructed from model-generated distributions using the procedure in Section 3.3. At node
1%, the stored objects are
V(Z,e,a) =Via,e, Z, u°)

and

9:(Z,e,a) = gola,e, Z, 1°).

For the household benchmark, distances between distributions are computed in stan-
dardized token space. At a current node (u®, Z), the transformer forecast is first projected
according to equation (34). I then select the M = 4 nearest library distributions and con-
struct the inverse-distance interpolation weights in equation (10).

These weights specialize the generic continuation value in equation (11) to

Cozld €)=Y Py(Z.2)Y Pulee) > wiz,V'(Z'.¢.d). (36)

Z'eZ e'ef reN(s,2)

The Bellman equation at library node p® is therefore

Vi(Z,e,a) = max {u(R(Z,p1*)a +w(Z, pn°)e —a') + BCsz(d’ )} (37)

Current factor prices in equation (37) are computed from the current complete distri-

bution p°. The transformer affects the household problem through the perceived future
distribution entering the continuation value.

Along an equilibrium simulation, the realized distribution p; need not coincide with a

library node. I therefore locate its nearest library distributions using the same standardized
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metric and interpolate the stored policies g;. The resulting policy

ga(aa €, Zt7 ,ut)

is applied to the complete current distribution.

A.2.4 Distributional Transition and Equilibrium Iteration

Given g,, i, and the realized aggregate transition Z; — Z;,1, the next distribution is

computed using the non-stochastic transition of Young (2010),

Hiv1 = Vi (:utagaa Zy, Zt+1) .

For each current grid point (a;, €;), the chosen asset position is represented as a lottery over
neighboring points of A. Current mass is split across these points using the corresponding
interpolation weights and across future idiosyncratic-productivity states according to P..
The simulation therefore propagates the complete continuum distribution rather than a
finite population of households.

The equilibrium iteration follows Algorithm 1. A bootstrap perceived law is first used to
simulate feasible distributions and construct the library. The library is then held fixed during
the final equilibrium iteration. Given the current transformer law, I solve equation (37) at
every library node, interpolate the resulting policies along the simulated path, and update

the complete distribution using Vg. The model-generated pairs
{Xt7 Amt+1}

form the supervised sample used to update the transformer. The household problem is then
resolved under the updated perceived law, and the procedure is repeated until both the
policy functions and transformer forecasts satisfy the convergence criteria in Section 3.5.
Received attention in Figure 3 and directional attention in Appendix Figure 7 are com-
puted from the converged transformer using the definitions in Section 3.6. Because the
network predicts all 80 coordinates of m;,1, the aggregate-capital fit reported in the main
text is entirely implied by the distributional forecast rather than by a separately estimated

law for Ky.q.
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A.2.5 Numerical Implementation

The economic and machine-learning components are implemented separately. NumPy is
used for array operations, Numba for JIT-compiled Bellman and distribution-transition rou-
tines, and PyTorch for transformer training, inference, and attention extraction. Bellman
and Young-transition operations are executed on the CPU, while transformer training and
inference use CUDA when available, Apple’s mps backend on compatible hardware, and
otherwise the CPU.

A.3 Implementation of the Heterogeneous-Firm Application

This appendix provides implementation details for the heterogeneous-firm application in
Section 4. The general DST algorithm, including the perceived distributional law, sparse
library, interpolation operator, and equilibrium iteration, is described in Section 3. Here
I specialize these objects to the firm economy and describe the transformer architecture,
debt-pricing implementation, distributional transition, and market-clearing procedure.

A firm state is (e, k, b), and the complete aggregate distribution is
pe A€ x K xB).

Value and policy functions are stored on a fixed sparse library of complete firm distributions.
The transformer supplies a perceived law for the next tokenized distribution and an auxiliary
prediction of household marginal utility. The former determines continuation values and debt
prices, while the latter determines the perceived stochastic discount factor and wage inside

the firm problem.

A.3.1 Tokenization and Admissibility Projection

The firm state space is partitioned into J = 1,080 regions corresponding to 15 capital bins,
8 debt bins, and 9 idiosyncratic-productivity groups. Let C; denote region j. Its probability
mass under distribution u is
pilp) =Y p(e kD).
(e,k,b)eC;

For cells with positive mass, let k;(i), b;(1), and &;(12) denote the corresponding conditional
means.

The numerical input token associated with cell j is
(1) = (kj (1), 1 (1), b5 (1), €5(1), 0, 1,0)
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while aggregate productivity is represented by
z? =(0,0,0,0,7,0,1).

The final two entries are token-type indicators, while zero entries provide placeholders that

give all tokens the same dimension. The transformer input is therefore

X(p, 2) = {al ()., (), 27}

The distributional forecasting target is represented by the mass-weighted moment vector

() = (pag (kg (), g (1), 115 ()b (), g (1) (1))

and

m(p) = vec (mai(p), ..., my(u)).

Mass weighting is convenient for regions with little or no probability mass and makes aggre-

gate capital and debt additive:

J J
K(m) =Y mjrx,  B(m)=>_ my,
i=1 j=1

where
Mk = ik, Mgy = by
The perceived law predicts changes in the distributional vector. Let A,, and sa, denote
the coordinate-specific mean and standard deviation of the changes in the current training
sample. If %,m()} ) is the transformer output in standardized units, the raw forecast in

economic units is
m"™™ =m(u) + A+ sa,, © Tom(X).

The forecast entering the equilibrium algorithm is
m'(u, Z;0) = g (m"™) (38)

where Il projects the raw prediction onto the admissible token space. Cell masses are re-
stricted to be nonnegative and normalized to sum to one. For positive-mass cells, conditional
capital, debt, and productivity means are recovered from the corresponding mass-weighted
coordinates and restricted to the support of the associated cell. All mass-weighted coordi-

nates are set to zero for cells with zero projected mass.
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The auxiliary transformer target is log household marginal utility,
{=logUc(C) = —~logC.

The corresponding prediction

U, Z) = Tou(X (1, 2))

implies

~

Gy, Z) = exp [—M L @(u2) = O, 2)". (30)

v

A.3.2 Transformer Architecture

Stacking the J + 1 economic tokens gives the transformer input X;. Economic coordinates
are standardized using the current training sample, while token-type indicators are left un-
changed. A linear embedding maps each token into R?, with d = 64. A learned CLS token
is prepended and learned positional embeddings are added to the resulting sequence. Thus,
if )?t denotes the standardized token matrix,

go_ | c
! [thg +1b],

where ¢ € R% is the learned CLS token.
The network contains L = 2 pre-normalized transformer blocks with H = 4 attention
heads per block. Each head has dimension d;, = d/H = 16. For block ¢, define

a0 = LN® ().
For head h,
4 (¢ L l rr (4 l l (¢ 4
Qv =1 "Wy, K =HWg,. VP =8w,

and
O = softmax (—Qh h ) RY = v

The multi-head attention output is
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and enters through a residual connection,

O = gD 440,
Each block then applies a tokenwise feed-forward network,
FEN® (H) = w? GELU (Wl(@ LN (H) + bg@) + 089,
with hidden dimension 256, followed by a second residual connection,

1O = 10 + FENO (H).

The final quantitative specification uses zero dropout.

After the second block, a final layer normalization produces
H, = LN;(H?).

A shared linear head applied separately to each of the J firm tokens produces four standard-

ized distributional outputs,
%\;tlt—l-l:WmBji—‘f_meRZl, j:ly._"{]’

while a separate head applied to the CLS representation produces the log-marginal-utility
prediction,
Z; = Wihcus, + be.

After undoing target standardization, the firm-token outputs give @j,tﬂa where
mje = i (Koo 1 bje Et) -
The perceived distributional law is therefore
Mjp1 = My + KT\nj,tJrla

while the CLS head yields
U =log Uc(Cy).

This residual forecasting law is distinct from the internal residual connections of the trans-

former blocks.
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A.3.3 Fixed Library and Interpolation

The firm application uses the fixed distributional library
L={u,. .., u5}, S = 300.

The library is constructed before the final transformer fixed-point iteration. Candidate
distributions include the stationary distribution, capital and leverage perturbations around
the stationary state, and distributions generated by a preliminary low-dimensional Krusell-
Smith-style solution. The latter provides a warm start for the library and initial policy
arrays only; the perceived law used in the final equilibrium is the transformer law.

For interpolation, I augment the standardized distributional coordinates with aggregate

capital, debt, and leverage implied by the same distributional moment vector. Define

and

cp(m) = (Smm, AgK(m), ApB(m), ALL(m)),

where S, standardizes the distributional coordinates and (Ax, Ag, A) determine the relative
scaling of the aggregate coordinates.

At library node (p®, Z), the transformer generates

m., =m'(u®,Z;0).

S

Let NV (s, Z) contain the M = 4 library distributions nearest to this forecast under Euclidean
distance in cp-space. For r € N (s, Z), define

dsZ,r = HCF(m;Z) - CF(m(lur))“2 :

In the absence of an exact match, the interpolation weights are

d72
wsZ,r = %7 r e N(S, Z), (40)
Z dsZ,E

LeEN (s,2)

with unit weight assigned to an exact match.
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A.3.4 Continuation Values, Default, and Debt Pricing

At current library state (u®, Z), the transformer provides both m., and the auxiliary
marginal-utility prediction /. For a future library node r € A° (s,Z) and aggregate state

7', the perceived stochastic discount factor is

~ —
j/\ZsZ,rZ’ - B ( /\TZI> ) (41)

where C,; = C(u*, Z).

For a continuing firm choosing (k',¥'), the perceived continuation value is

sZ g, k’/ b, ZPZ Z Z Z wSZ’FZP g, 8 sZrZ/V ( /,gl,k/,b,). (42)

reN(s,2)

The same perceived transition prices one-period defaultable debt. For a prospective

choice (k',0'), the recovery rate in next period is

R(K, V) = min{l, M}, V> 0.

Using the smoothed default probability described in Appendix B.4, the debt price is

qu g, k, b/ ZPZ Z Z/ Z WSZTZP 5 6 sZrZ’
reN(s,Z) (43)
x [1—p*(Z',& K V) +p"(Z', & K V)R(K V)] .
At aggregate state (u°, Z), the current payout associated with (k/,b') is
dog(e, ke, b,k V) =7 (e, k; Z,Wsz) + q'y(e, K, 0V — b —T(k, k).

The continuing-firm problem is

Vei(Z,e, k,b) = rlr€1la:/><{D( sz(e, kb, K b)) + Coz(e, K0} (44)

subject to
b < 0,0,k

The equity value of default remains normalized to zero. The hard default rule is therefore
Ve =max{V 0},  d* =1{V" <0},
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with the smooth counterpart used in the numerical implementation as described in Ap-
pendix B.4. Debt prices, default probabilities, and firm values are iterated jointly to conver-

gence for fixed transformer forecasts and interpolation weights.

A.3.5 Simulation and Market Clearing

The realized distribution generally does not coincide with a library node. At each simulated
date, I compute cp(m(u;)), identify the nearest library distributions, and use the same
inverse-distance interpolation scheme to recover the current capital and debt policies and

default probabilities. Denote the resulting policies by

gk<€7 k>b7 Zthut)a gb(gakab7 Zt7#t>‘

Because default occurs before production, only continuing mass produces and hires labor.
Current output and labor therefore use the continuation probability p¢ = 1 — p¢. The next

distribution is computed using the non-stochastic operator

M1 = yF (:utagk7gb7pd7 Zt7 ZtJrl) .

For continuing firms, chosen capital and debt are represented as lotteries over neighboring
points on the numerical (k,b) grid. Firm mass is then allocated across these grid points and
next-period idiosyncratic-productivity states according to P.. Defaulting mass exits and is
replaced one-for-one by entrants with capital k¢ = K*°, zero debt, and productivity drawn
from the stationary idiosyncratic distribution. Thus the simulation propagates the complete
continuum distribution rather than a finite population of firms.

For market clearing, aggregate capital evolves according to

Kt+1 - /pg(aakab)gk(€7k7b7 Ztmut) dlubt+ke/pf(67k7b) d:ut

Stock-based investment is
-[t — Kt+1 - (1 - 5)Kt

Creditor recovery for a defaulting firm is

A(k,b) = min {b, 0,(1 — §)k},
and the associated resource loss is

Uk, b) = (1 —6)k — A(k,b).
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Current consumption is therefore computed from the resource constraint

Cotto [ piwih g dun+ [ o w0 ) du

+ /pff dp + /pfq)e(dt) du, =Y.

This implementation makes the default-and-entry resource flow equal to entrant capital net
of creditor recovery,
k¢ — A(k,b),

for each defaulting firm.

The perceived aggregate consumption object implied by the transformer enters the re-
cursive problem solved at the library nodes. Through the household intratemporal condition
it determines the perceived wage used in current profits and continuation decisions. This
perceived wage is not used to impose current-period market clearing along the simulated
equilibrium path. For each realized (u, Z;), the current wage is instead obtained exactly
from

Rw(@U; s Zt) =w— XC(WQ s Zt)7 =0, (45)

where C'(w; g, Z;) is the consumption level implied by the resource constraint above. Along
the simulated path, firm policies are given, so this is a scalar market-clearing problem.
Current-period market clearing is therefore imposed exactly in simulation, while transformer

predictions determine the perceived aggregate objects entering the recursive problem.

A.3.6 Equilibrium Iteration

The initial library and policy arrays are obtained from the stationary economy and the low-
dimensional warm start described above. The library is then held fixed throughout the final
DST equilibrium iteration.

At each outer iteration, the simulated path generates supervised observations of
(Xt, Amt+1, log UC(Ot)) .

I supplement these observations with one-step transitions generated at the library nodes
under the current policy functions. This ensures that the transformer is trained not only
along the simulated path but also at the distributional states at which the Bellman equation
is evaluated.

After training, the transformer is evaluated at every (u®, 7). For numerical stability,

the resulting perceived distributional forecasts and marginal-utility predictions are damped
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across outer iterations:

miy) = (1= M)y ™ 4+ A,
) = (1= 2) 005" + Nl

where h indexes the outer equilibrium iteration. The firm problem is then resolved using the
associated interpolation weights, debt prices, and default probabilities.

The updated capital and debt policies are also damped,

g™ = (1= 2)g" D + NP g = (g, g).

The resulting policies are simulated using YV, imposing (45) at each date. The new distri-
butional transitions update the transformer training sample, and the procedure is repeated

until the policy and perceived-law convergence criteria in Section 3 are satisfied.

A.3.7 Numerical Implementation

The economic and machine-learning components are implemented separately. NumPy is used
for dense array operations, Numba for JIT-compiled dynamic programming and distribution
transitions, and PyTorch for transformer training, inference, and attention extraction. Bell-
man updates, expected-continuation arrays, debt-price schedules, and distributional transi-
tions are parallelized across CPU cores where possible. Transformer operations are run on
CUDA, Apple mps, or CPU depending on available hardware.

Attention matrices are extracted under no-gradient evaluation from the same transformer

that supplies the perceived distributional law used in (42) and (43).

B Mathematical Appendix

This appendix collects the proofs of Remark 1, Remark 2, and Proposition 1, describes the
treatment of the default/exit decision and the associated choice-specific shocks, and derives

the policy-sensitivity decomposition for the quantitative transformer.

B.1 Proof of Remark 1

Proof. Since K = ijl sj, an additional unit of capital raises K one-for-one regardless of
the bin in which it is located. Hence
OK'  OK'OK

— — 2ZK04—1
0s;  OK ds;
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for every j, and therefore
p  KQPZKeT! 1

i T ratZKe1 T

On the transformer side, state-independent attention implies

or'" T
83]- J
The chain rule then gives R
oK'
. :gr(rW,Z)ij.
J
Using Y7 w!l =1,
aK,/aSj . gT(TW,Z)w]T T

! > gT(TWaZ) ZZﬂWT —wj .
> 0K’ /o -
=1

Finally, because K’ = K’ on an open set, their partial derivatives coincide. It follows that

B.2 Proof of Remark 2
Proof. From s; = p,k;,

J
K' =k, Z Z,u]l-_as?
=1

and therefore
oK’

(?sj

= HaOéZ/le_aS?_l = /@aaZk;‘_l.

Hence .
8K//83]- . k?_
ijl OK'/0s, Zizl k?_l '

Under the frozen-attention representation,

J
r(Es) =) wi(9)5;,
j=1

62



so that N
oK’
0s; | _

S§=S§

= g.(r", Z)wjr(s).

First-order equality between K’ and K’ therefore implies

0K’
W Tl —
g'r(r 7Z>wj (8) - 8sj '
Summing over j and using . w7 (s) = 1 yields
J
0K’
ROVAE .
g 2)=>" D51
=1
Substitution gives
0K’ /0s,;
wl (s) = /9% _ w(s).

Y 0K )os,

Since 0 < a < 1, k%71 is decreasing in k, completing the result. O

B.3 Proof of Proposition 1

Proof. Fix an aggregate state z and a distributional state s = (s1,...,s;) in the open set

on which the transformer represents the equilibrium mapping exactly. By assumption,

F(S,Z) = ?//\: g(’I“(S,Z),Z),

where the attention representation is

J
r(s,z) = Zwa(s,z)vm(s, 2), r(s,z) € R%

T

Here, w? (s, 2) is scalar, while v,,(s, z) € R%

Consider a local perturbation of a single distributional component s;, holding the aggre-

gate state z fixed. Because the equality

F(s,z) =g(r(s,2),2)

holds on an open set, rather than only at an isolated point, the partial derivatives of the two
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mappings with respect to s; must also coincide. Applying the chain rule therefore gives

OF (s, z2)

or(s, z)
aSj )

:vrg(T(S,Z%Z)T Os:
J

There is no additional derivative through z, since z is held fixed when taking the partial
derivative with respect to s;.
It remains to characterize the response of the attention representation r(s, z). Differen-

tiating
J
=S5, 2)
m=1

with respect to s;, and applying the product rule to each term in the sum, yields

Q%?=Zﬁwmwwwﬂ

I
€
3
’c,?
N
Cn
l\z
+
£,
Cn
l\z
Q>
<
s
w
S,

The first term captures changes in the aggregate representation that arise because a pertur-
bation to s; changes how attention is allocated across tokens. The second captures changes
in the information being aggregated, holding the attention weights themselves fixed.

Substituting this expression into the chain rule gives

OF (s, 2) Vg 2)T Z awa( (5.2 +ZW 5.2) 8vm(s 2) |

0s; — s,

which is the decomposition stated in Proposition 1.
The normalization of the attention weights provides an equivalent representation of the

first term. Since p
Z wh(s,z) =1
m=1

for every admissible (s, z), differentiating this identity with respect to s; gives

J owr (s, 2)
3 Qenlnz) g
aSj

m=1
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Hence,

J J

Z &A)Tg—ij’z)vm(s,z) = Z &Ug—gj’Z) [Um(S,Z) . T(S,Z)] .

m=1 m=1

The policy sensitivity can therefore equivalently be written as

J J

%ZZ) = Vrg(r, Z)—r Z &'d”é—i‘j’z) (vm(s, Z) — 7’(37 Z)) + Z wﬁ(s’ Z)%;,Z)

m=1 m=1

This form makes clear that the attention-reallocation channel operates by shifting weight
across value representations relative to the current attention aggregate, while the value

channel captures how the representations themselves respond to the distributional state. [

B.4 Smooth Approximation to the Default Decision

In the model presented in the main text, equity holders compare the value of continuing,
Vie(e, k, b; ), with the value of default, V¢, which is normalized to zero. Under the deter-

ministic default rule, the firm value is

Vhed (e, &, b; Q) = max {Vie(e, b, b; ), VY (46)
and the default decision is

Ay (e, kb Q) = L{V, (e, k, b; ) < V7).

This rule introduces a kink in the firm value at V<(e, k,b; ;) = V¥ and a discontinuity in
the default policy. For the numerical implementation, I replace the hard maximum with a
smooth log-sum-exp approximation.

Specifically, consider transitory choice-specific shocks to the continuation and default

options. Equity holders compare
Vi(e, b, by ) + & and VO,

where £ and &2 are independent type-I extreme-value random variables with common scale
parameter o4 > 0. The shocks are independent across firms and over time and affect only the
current default decision. They are integrated out before the continuation value is evaluated

and are not included as additional state variables.

65



Conditional on the economic state
s = (e,k,b; ),

the firm defaults whenever

VA& > Vi) + &

Because the difference of two independent type-I extreme-value variables follows a logistic

distribution, the conditional default probability is

pi(s)) = Pr VI &1 > VE(s) + & | 4]

_ exp (Vd/ad)
exp (Vi€(sy) /o) + exp (Ve /oy) (47)

[ (S0

The corresponding continuation probability is

pi(se) =1 —pi(sy)
exp (Vi£(st)/04)
exp (Vi(st)/0a4) + exp (V4/04)

i o (Lt

After integrating over the choice-specific shocks, the expected firm value is, up to an

additive constant that is common across choices,

st ot o (0 4 (2] w9

04

This is the smooth counterpart of the hard maximum in (46). An equivalent expression is

ViZd(sy) = max{VtC(st), Vd}

1+ exp (_ “/;C(St) _ Vd‘) (49)

+ og4log . .
d

Equation (49) is also the numerically stable expression used in the implementation, since it

avoids exponentiating large value-function levels.
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The derivative of the smoothed value with respect to the continuation value is

OVels) _ e (Vs ou)
OVi(se) — exp (Vi(se) /o) + oxp (Vo)

= pj(st)-

Thus, the marginal effect of a change in the continuation value on the ex-ante firm value
equals the probability that the firm continues. Similarly,

AV (se) d
“ove P (st).

The second derivative is P2V (s,) 1
t \St _ T .C d
—(9‘/150(&)2 O'dpt (5¢)py (s¢),

which is largest near the default boundary and converges to zero away from it.

Relation to the hard default rule. The smooth formulation nests the deterministic
model as a limiting case. For any state such that V(s;) # V¢,

: d o c d
11m+pt(st) =1 {V; (sq) <V },

ogq—0

and

lim pf(s;) = 1{Vi(se) > V7).

O'd—>0Jr

At the indifference point V;(s;) = V¢, both choices receive probability one half. Moreover,

lim V;7(s;) = max {V;(s),V’}.

O'd—)0+

The approximation error satisfies
0 < V74(sy) — max {V,(s;), V} < o4log 2.
Hence, the smoothed value converges uniformly to the hard maximum as o4 — 0.

Use in the quantitative implementation. The baseline implementation sets o4 = 1072,
This value is small relative to the variation in firm continuation values and therefore makes
the smooth policy close to the deterministic default rule. Its purpose is numerical: it replaces
the discontinuous default indicator with a continuous probability, stabilizes the distributional
transition, and avoids abrupt changes in debt prices and policy functions when a firm moves

across the default boundary.

67



In particular, the debt-pricing equation uses the smoothed default probability together

with the recovery rate defined in equation (24),
Qt(& kl, b,) =E, [Mt,t—i-l <p§+1(5t+1a k',, bl; Qt—i—l) +pf+1(5t+la kl» b/; Qt+1)R(k,7 bl))} )

where pf,, =1 —pf, ;.

Likewise, the Young distributional transition assigns the mass pf(e, k,b;Q;) to the
continuing-firm transition and the mass pl(e, k,b;€) to the default-and-entry transition.
Thus, the smoothing does not alter the set of economic choices or introduce an additional
persistent state. It only replaces the hard allocation of firm mass at the default boundary
with its smooth probabilistic counterpart. The quantitative implementation uses (47)—(48)
as a numerical approximation. As o4 becomes small, the smoothed economy converges to

the deterministic-default economy.

B.5 Policy-Sensitivity Decomposition

This appendix extends the decomposition in Proposition 1 to the multi-layer transformer
used in the quantitative application. The purpose is to characterize the local response of
aggregate outcomes to economically feasible redistributions of firm mass and to separate the
two channels generated within self-attention from the remaining paths in the quantitative

architecture and from the direct current-state term in the distributional forecasting law.

Compensated mass-reallocation directions. The quantitative exercise considers lo-
cal, mass-preserving reallocations across capital-debt—productivity cells. Recall that the

distributional forecast coordinates for cell j are
Myt = it (]%j,ta L, Bj,t; éj,t) .

For a cell j with 0 < p;; < 1, introduce a scalar perturbation n. A positive perturbation

reallocates mass toward cell j,

m;(n) = (e +1) (E?j,m 1, Ej,tagj,t) 3

while all other cells lose mass proportionally,

O e T e
]7
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A negative value of 7 implements the reverse reallocation. Total probability mass is therefore

preserved:
Nj,t+7]+2(1—1 L )Mz’,t—l-
i — Hat
Let J
5]- = —
dn =g

denote the directional derivative associated with this compensated reallocation. The corre-

sponding derivatives of the distributional coordinates are

mg¢

4
T |

ymye = (kjas 1, b4, 854) Ojmi =

In particular,
Hit . .
Ojpje =1, Ojpip = —7——, 17 ]

1= py’
The transformer does not take the mass-weighted moment vectors m;, directly as in-

puts. Let ¢; denote the map from the distributional forecast coordinates to the economic

coordinates supplied to firm token 7. For a positive-mass cell,

m‘7k,t m',b,t m‘, ,t 7 7 —

¢i(m¢,t) = ( : y T st - ;Z—6> = (ki,ta,ui,tabi,tagi,t)-
Mt Myt Mt

The perturbed moment vectors are first mapped back into these economic coordinates and

then used to construct the transformer input X;(n). Because the perturbation scales all

coordinates of m,; proportionally within each cell, away from admissibility clipping it leaves

ki, biy, and &;; unchanged. The local experiment therefore changes the allocation of firm

mass across the cross section while holding within-cell characteristics fixed.

Direct and transformer-mediated sensitivity. The transformer forecasts changes in

the mass-weighted distributional coordinates,

Mep1(n) = me(n) + Dmepa (), B () = Ton(Xa(0)),

where the network output has been transformed back into economic units.
Let

Yi1(n) = Al (n))

denote a scalar aggregate outcome implied by the predicted distribution. The two outcomes
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used in the quantitative decomposition are aggregate capital,
Ag(m) =Y mig,
i

and aggregate leverage,

N
Alev(m) = zz Z’b'
> Mik
Neither object is a separate transformer prediction target.

The directional sensitivity of the implied aggregate outcome is
8]‘/Y\;5+1 = VmA(’fl\”Lt+1)T [@mt + @@Hl . (50)

I refer to
Dj = VmA(ﬁ”LtH)T@jmt

as the direct current-state component, and to

7} = va(mt—i-l)Taj@t—i—l

as the transformer-mediated component. This distinction arises from the explicit residual
forecasting law my 1 = my + Ty (X;) and is separate from the internal residual connections

of the transformer architecture.

Self-attention channels. Consider transformer block ¢ and attention head h. Suppressing

the time subscript, the pre-normalized hidden states generate
(0) ) ()
h Kh ) Vh 9

and the attention matrix and head output are

(0) r(OT
0 — softmax [ D Be ) RO _ g0y
Vdy,

Taking the directional derivative along the compensated mass-reallocation direction gives

Y4 4 l Y4 Y4
Ry = @0V 2l On"Y). (51)
attention-reallocation channel value channel
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Equation (51) is the multi-token, multi-head counterpart of equation (7). The first term
measures the response generated because the perturbation changes the attention weights,
while the second measures the response through the values being aggregated holding those
weights locally fixed.

After concatenating heads and applying the multi-head output projection, define

¢ [ ¢ {4 ¢ 0] {4
0,A% = |@N . @0 vy | W,
and ) )
¢ ¢ ¢ ¢ ¢ ¢
0,47 = |9 (ON), .., 2 OV | WS-
Hence,

9;A0 = 9,A% 1+ 5,48,

Propagation through the full transformer. The quantitative architecture contains
internal residual connections and tokenwise feed-forward blocks in addition to self-attention.
Let

H®O — =1 + A©

denote the representation after the attention residual connection, and write the feed-forward
block as
MO = MmO ( gm) o HO = gO £ MO,

The full local differential therefore satisfies
O;HO =9, H + 9,4 + 9,4 + 0, M©,

where
MY = Ty |0;HED + 0,4 + @A@“] .

For accounting purposes, I separate three sources of transformer-mediated sensitivity. Let
R and V denote the contributions generated by the two terms in the self-attention product

rule, and let O collect the remaining network paths. At the embedded input,
ajH(()O) - ajH(O), @HI(%O) - 0, (9ij) =0.

The learned CLS token and positional embeddings are fixed with respect to the distributional

perturbation, so they do not generate an additional source of local sensitivity.
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At transformer block /¢, first define
0;Hy = 0;HG Y,

O;Hy = 0;Hy Y + 0,4,

and
O;HY =0, HY ™D + 0,41,

The feed-forward response is
@MM) - JM(Z) [8Jﬁg) + @ﬁg) + ajf[‘(f)] .

Consistent with the quantitative accounting, changes generated through the feed-forward

residual path are assigned to the remaining-network component:
O;HS = 9;HY + 0; M,

4 7 4 7l

By construction,

O;HY = 0;,HY + 0;Hy + 0;H

at every layer.

Let G denote the final layer normalization, the tokenwise distributional readout, and the
transformation of the predicted changes back into economic units. Linearizing this final
mapping gives

A My = Jg0,HP  ce{0,RV},

and therefore

0;Amy = 0jAmy 1.0 + 0jAMy 1 g + O;AM 41y

The corresponding contributions to the implied aggregate outcome are
7;70 == va(T/f\Lt+1)TajAmt+17c, (S {O, R, V}
Hence the exact signed local accounting is

aj}//\;g_i_l = Dj + 7;,0 + 7},R + 7},‘/ . (52)

~— ~ =

direct current state  remaining network paths  attention reallocation value



The attention-reallocation and value terms in equation (52) are the quantitative coun-
terparts of the two channels in Proposition 1. The remaining-network term collects paths
that are present in the implemented multi-layer architecture but are outside the simple self-
attention aggregation in the proposition, including the internal residual and feed-forward
paths. Subsequent transformer layers, final normalization, and the output readout propa-

gate these components to the distributional forecast.

Finite-difference implementation and reported magnitudes. For the numerical cen-

tral difference, the perturbation size for cell j is
0;+ =min{e, 0.450;¢, 0.45(1 — pj4)},

which ensures that both the positive and negative perturbations remain inside the probability

simplex. The finite-difference sensitivity is

Sy,FD _ 2+1(5j,t> — Yt+1(_5j,t)
it 25]'715 .

These finite differences are used as a numerical check on the derivatives obtained by auto-
matic differentiation.

The quantitative results report ergodic averages of absolute local directional sensitivities.
Let @, denote the cell-mass weight used when averaging across perturbation directions. For

component ¢, the reported magnitude is

Doty Wit Sl
Zt,j Wit ’

Se

with the sample restricted to the endogenous default region when reporting default-margin
statistics. Because absolute values are taken before averaging, these reported magnitudes
are not additive shares:

Stotal # Sairect + S0 + Sk + Sv

in general. The corresponding signed local decomposition in equation (52), however, closes

up to numerical precision.

Relation to the default-exposure diagnostic. The default-sensitivity exercise in Ap-
pendix C is conceptually distinct from the decomposition above. There, the local default-

probability map is held fixed and aggregate default exposure under the perturbed distribution

73



is
Dy(n) = Z ui,t(n)pzd,t’

That exercise therefore measures the direct effect of reallocating firm mass across regions
with different default probabilities. It is not a transformer-mediated policy-sensitivity de-

composition and is not included among the aggregate outcomes reported in Table 2.
C Additional Exhibits

Figure 7: ATTENTION BETWEEN WEALTH AND AGGREGATE PRODUCTIVITY

1.0
— e — Wj
b Wj — Z
0.8 1 —==Uniform benchmark, 1/21
=
.20 0.6
0 0.6
=
o=
o
.g
o 0.4 1
=
<
0.2
O-O T T T T T

1 3 5) 7 9 11 13 15 17 19
Wealth bin j

Notes: The figure reports token-level directional attention between each wealth-bin token W; and aggregate productiv-
ity Z. The Z — W; series measures the attention assigned to wealth bin j when updating the aggregate-productivity
token, while W; — Z measures the attention assigned to aggregate productivity when updating wealth-bin token j.
Lines report cross-run means across ten independent model solutions, each based on a distinct realization of aggregate
productivity shocks and a 50,000-period simulation; shaded regions denote 95% confidence intervals across runs. The
dashed horizontal line is the uniform-attention benchmark, 1/(J + 1) = 1/21.

74



sampled debt bin sampled debt bin

sampled debt bin

6

5

4

3

6

5

4

3

6

5

4

3

Figure 8: LOCAL DISTRIBUTIONAL SENSITIVITY OF AGGREGATE DEFAULT

£, =0.60 £,=0.69 £3=0.78
0.0200
€4=0.88 £5=1.00 55=1.13

o
o
=t
N
v

0.0175
0.0150
a
. 0.0100
0.0075

0.0050
£7=1.29 eg=1.46 £9=1.66
0.0025
0.0000
1 2 3 4 6 8 11 15 1 2 3 4 6 8 11 15 1 2 3 4 6 8 11 15
sampled capital bin sampled capital bin sampled capital bin
default margin: 2% = py <95% certain default: py = 95% === pa=2% — pa=95%

Notes. The figure reports the normalized magnitude of the local sensitivity of aggregate default exposure to mass-
preserving perturbations of each capital-debt—productivity token, holding local default probabilities fixed. Sensitivi-
ties are averaged over the ergodic simulation. The solid and dashed contours denote the same endogenous default-risk

regions used in Figure 5.
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Table 2: Local Policy Sensitivity of Implied Aggregate Outcomes

Transformer-mediated component

Outcome Region Total Direct Transformer Reallocation Value Other paths
Capital  All states 0.320 0.521 0.209 0.077 0.043 0.254
Capital Default margin  0.500 1.082 0.585 0.094 0.098 0.596
Leverage All states 0.138 0.189 0.067 0.032 0.030 0.093
Leverage Default margin 0.090 0.047 0.068 0.059 0.032 0.057

Notes: Entries report mass-weighted ergodic averages of absolute local directional sensitivities. “Default
margin” refers to regions with 2% < p? < 95%. Capital and leverage are implied by the transformer-
predicted distribution and are not separate prediction targets. “Total” is the sensitivity of the implied
aggregate outcome to the distributional perturbation. “Direct” is the component operating through
the current-state term m; in the residual forecasting law, while “Transformer” is the component oper-
ating through T ,,,(X;). “Reallocation” and “Value” are the two channels in equation (7), propagated
through the trained network. “Other paths” collects the remaining transformer-mediated paths out-
side the simple attention aggregation. Because the table reports averages of absolute magnitudes, the
columns are not additive shares: the corresponding signed components can offset one another.

Figure 9: STATIONARY DEBT PRICES
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— £1=0.60 = e£5=1.00 == £9=1.66

Notes: The figure reports equilibrium debt prices q(k’,b’) as functions of chosen next-period capital k' for selected

idiosyncratic-productivity states €. The left and right panels fix moderate and high chosen debt, respectively.
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